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PREFACE TO THE FIRST EDITION. 



The present work is intended as an introductory text-book 
for the use of Students reading for the Mathematical 
Tripos. Many of the higher applications of the subject 
are therefore either omitted entirely or treated very briefly. 
At the same time the Author believes that the book in- 
cludes as much as the great majority of Cambridge Students 
have time to master thoroughly, while those who are 
desirous of making farther acquaintance with the subject 
wiU perhaps find a work like the present not unsuitable as 
an introduction to the more complete treatises of Salmon 
and others. 

The Author begs to thank those of his friends who have 
kindly assisted him by revising the manuscript and proof- 
sheets, and will feel obliged to any one who will offer correc- 
tions or improvements. 
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VI PREFACE TO THE FIRST EDITION. 

Examples, selected chiefly from recent College and Uni- 
versity Examination Papers, will be found at the end of each 
Chapter. 

Cambridge, Augiut, 1865. 



SECOND EDITION. 



The present Edition has been revised and re-arranged 
and somewhat enlarged. 

Newcabtle-on-Ttne, September, 1873. 



THIRD EDITION. 



The Third Edition has been revised and farther 
enlarged, chiefly by the addition of hints for the solution of 
the Examples. 

Newca8tle-on-Ttne, September, 1879. 
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SOLID GEOMETEY. 



CHAPTER I. 

INTRODUCTOKT THEOREMS. 

1. The position of a point in space is usually deter- 
mined by referring it to three planes meeting in a point. 
This point is called the origin, the three planes the cor 
ordinate planes, and their three lines of intersection the 
co-ordinate axes. The point of intersection of the three 
planes is usually designated by the letter 0, and their lines 
of intersection by the letters Ox, Oy, Oz, They are called 
the axes of a?, y, and z respectively, and the planes yOz, zOx^ 
xOy are called the planes of yzy zxy xy respectively. If the 
three planes of yz, zx, xy, and consequently the three lines 
Oxy Oy, Oz, are at right angles to each other, the co-ordinates 
are said to be rectangular, and in all other cases oblique. We 
shall generally make use of rectangular co-ordinates, but in 
some cJBUBes the proofs and the results obtained will hold good 
equally whether the axes be at right angles or not. 

2. The position of any point P relatively to these three 
planes is known, if its distance from each, measured parallel 
to the intersection of the other two, be known. 

For let PHy PK, PL be drawn through P parallel to 
Ox, Oy, Oz respectively to meet the planes cf yz, zx, xy in 
H,K,L; and let a plane through Pi, PK, whicn by Euclid, XI. 
15, is parallel to the plane of yz, meet Ox in M, Let also a 
plane through Pff, PL meet Oy in iV, and a plane through 
PH, PK meet Oz in R Then if KR, KM be joined, KMOE 
is obviously a parallelogram, and KB therefore equal to OM. 
Similarly RKPH is a parallelogram, and KB equal to PH. 

A. G. 1 
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Hence PH is equal to OM, and similarly PL to OR, PK to 
ON, If therefore we measure off from Ox, Oy, Oz, respec- 
tively, lengths CM, ON, OR equal to the given distances of 
P from the co-ordinate planes, and through if, JV, R draw 
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planes parallel to those of yz, zx, xy, these planes will inter- 
sect in P, the position of which is therefore determined. The 
lengths PH, PK, PL, or OM, ON, OR, which are equal to 
them, are called the co-ordinates of P, and are usually de- 
noted by the letters x, y, z, 

. 3. If the line a?0 be produced through to x\ and from 
Ox we cut off a length OM equal to OM, and repeat the 
preceding construction, we obtain a point P whose absolute 
distances from the three co-ordinate planes are the same as 
those of P. We must therefore have some convention to 
enable us to distinguish between these two points. The 
following is usually adopted. 

The co-ordinates are considered positive if measured in 
one direction along the axes from 0, and negative if measured 
in the opposite. 

The positive directions for the three axes are usually 
taken to be those represented in the figure by Ox, Oy, Oz, 
and the negative directions to be Ox', Oy , Oz, 

It will be seen that the whole of space is divided by the 
co-oitiinate planes into eight compartments, and the signs of 



INTRODUCTORY THEOREMS. 



the co-ordinates of any point indicate in which of these com- 
partments it is situated, while their absolute magnitudes 
indicate its position in that compartment. Thus the co-ordi- 



► 




nates of a point whose absolute distances from the co-ordinate 
planes are d, ^, 7 are represented by (a, 13, 7), (—a, ^, 7), 

(a, - A 7), (a, A - 7),.(«> - A - 7), (7 «, A - 7), (- a, - A 7), 
(— a, —$, — 7), according as the point lies in the compart- 
ment Oayz, Oxyz^ Oxyz^ 0(jcyz\ Oxyz\ Occyz\ Ox'^j/z^ Ox'y'z\ 

respectively. 

> 

4. To find the distance of a point from the origin in terms 
of its co-ordinates. 

In this and Articles 5, 6 and 8 the co-ordinates are sup- 
posed rectangular. 

Let P be the point, a?, y, z its co-ordinates. Through P 
draw planes parallel to the co-ordinate planes and forming 
with them a parallelepiped of which OP is the diagonal and 
PL the edge through P parallel to Oz, 

Join OP and OL. Then since PL is parallel to Oz which 
is perpendicular to the plane of xy, PL is perpendicular to 
the plane of xy, and therefore to the line (?i which lies in 
that plane, (Euclid, xi. Def. 3.) 

Hence OP'^OL' + PL\ 

1—% 
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But 



OU=OM* + ML*; 



.(1). 



O. 



...(2), 



Let a, )8, 7 be the angles between OP and the axes 
of Xy y, z respectively. Join PM, Then since Oo^ is perpen- 
dicular to the plane PLM^ it is perpendicular to PM, 

Hence 

0-ftf = OP cos POM^ OPco3 a; or af = r cos a' 
Similarly, 

OJV= OPcos PON= OPcos /3; or y = r cos ^8 
OB =s OPcos P0i2 = OP COS y; or z=^r cosy 

X, y, z being the co-ordinates of P, and OP being denoted 
by r. 

Squaring and adding, we get 

OiP + 0N^.-\- OR = OP^ (cos» a + cob' /8 + cos" 7), 

or taking account of (1), 

1 =cos'a + cos'y8 + cos*7 (3). 

The letters ?, m, n are frequently used to denote cos a, 
cos^, cos 7, which are called the direction-cosines of the line 
OP. It is usual to denote by a, /8, 7 the angles which OP 
makes with the positive directions of the axes, in which case 
the formulae (2) hold for all positions of the point P. 
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6. To find the distance between two points whose co-ordi- 
nates are given. 

Let P and Q he the two points; x^, y^, z^; x^, y„ «, their 
co-ordinates. Join PQ, and through P and Q draw planes 




parallel to each of the co-ordinate planes, thus forming a par- 
allelepiped whose edges are parallel to the co-ordinate axes, 
and are equal in length to ^2 "" ^i» ^a "" ^i* ^2 "" ^i» respectively. 

As in Art. 4, we obtain 

= (^.-^xy + (y,-yxr + (^.-^x)* W- 

We have also formulae similar to those of equation (2), 
a, fi, 7 being the angles between PQ and the lines drawn 
through P parallel to the axes, viz. 

Pflr=a:, — a?j = PQcosa = Zr \ 

PM= y^ — y^ = PQ COB ^ == mr> (5), 

PL = ;5^ — j5^ =s PQ cos 7 — nr ' 

where r represents the length of PQ, and I, m, n are the 
direction-cosines of J^Q. 
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7. To find the co-ordinates of a point which divides the 
straight line joining two given points in a given ratio. 




i 



Let P, Q be the two given points, and R the po 
which divides PQ in the given ratio of n^ to w,. LeV-.. 
be the co-ordinates of P, a?j, y,, «j those of Q, x\ y'fz 
oiR. 

Draw PM, RE, QK parallel to the axis of z to 
plane of xy in M, H, K. These points all lie in one 
line, namely that in which a plane through PQ parallel 
the axis of z cuts the plane of ccy. Draw PEF parallel to 
MHK to meet RH in E and QK in F. 




Then 
Also 



PM^z^, RH=z\ QK^z^. 



RE 
QF 



n. 



PR 



PQ n, + n,' 



or 



— z 



1 — 



n. 



z^ — ^1 Wj + Wg ' 

whence «' (w^ + n^) = n^z^ + w^^ ; 

Similarly it may be shewn that 

^,^ n,x^ + n,x, ,^ n,y, + n,v, 
«i + Wj ' ^ »*t + ^ 
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If 5 be the middle point of PQ, n^ = w^, and we have 

8. jTo find the angle between two straight lines whose 
direction-cosines are given. 

Since by Euclid, XL 10, the angle between any two straight 
lines is equal to that between any other two respectively 
. parallel to them, we need only consider the case of two lines 
through the origin. 

Let OP, OQ be the two lines; I, m, n the direction-cosines 




of OP; V, m', n' those of OQ. Let x^^ y^, z^, be the co-ordi- 
nates of P any point in OP; x^, y,, z^ those of Q any point 
in OQ. 

Then by Art. (6) 
But by Art. (4) 
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And by Art. (5) 

x^^OP.l, y^ = OP.m, z^ = OP.n, 

and . '. x^x^ + y^y, 4- z^z^ = OT . OQ{lF -\- mm* + nn). 
Hence P(7= 0F'+0Q'-20F. OQ(ll' + mm +nny 

But by Trigonometry we have from the triangle OFQ 

PQT^ 0P'+0g''-20P. 0Q.CO9P0Q. 
Comparing these two expressions for PQ^, we get 

co8POQ = Zr + mm' + wn' (6). 

The formulae (1), (3), (4) and (6) are of very frequent use, 
and should be carefully remembered by the student. 

From (6) we can deduce 

BUi' P0Q = 1 - {W + mm +nn'y 

= (P + m» + «^ (P+m' + n'^) - (U' + mmf+nny 
= (mn - mfny + (nt - nl)^ + (Im! - Z'm)». 

9. If from the ends of a straight line PQ of limited 
length there be drawn perpendiculars on a fixed plane and 
the feet of these perpendiculars be joined by a straight line, 
the joining line is called the projection of PQ on the plane. 
Thus in the figure to Art. (6) if the edges LP, QN of the 
parallelepiped PKQM be produced to meet the plane of xy 
in ^and F, EF is the projection of PQ on the plane of xy, 
and is equal and parallel to FN, Also 

FN = PQ cos QFN, 

But QPJV is equal to the angle which PQ makes with 
the plane of xy. Hence we derive the theorem : 

The projection of a straight line of limited length on a 
given plane is equal to the length of the line multiplied by the 
cosine of the angle between the line and plane, 

10. If again from F and Q we draw perpendiculars on 
some fixed line, the portion of the second line intercepted 
between the feet of these perpendiculars is called the projec- 
tion of PQ on the fixed line, aijd the following theorem holds; 
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The projection of a straight Une of limited length on a 
second straight line, is equal to the length of the first line mtd- 
tiplied by the cosine of the angle between the two lines; under- 
standing by the angle between two lines which do not meet, the 
angle between any two lines parallel to them which do meet 

This theorem is proved as follows : 

« 

Let PQ be the line of limited length, and AB the line on 
which it is to be projected. Through P draw PB parallel, 
and PA perpendicular to AB. Through Q draw a plane 
pei-pendicular to AB meeting AB in B, and PB in B. Join 
QB, BB, BQ. Then AB is the projection of PQ, for AB is 
perpendicular to QB which lies in the plane QBB. Then 



\ 



r 




since PB is parallel to AB, which is perpendicular to the 
plane BBQ, PB is also perpendicular to this plane and there- 
fore perpendicular to QB and BB. Hence PBBA is a paral- 
lelogram, and therefore AB = PB. But PB == PQ cos QPB, 
since PBQ is a right angle. 

Therefore 

AB == PQ cos QPB, 

the theorem required. 

11. If we take any two points P, Q, and draw from P 
in any direction a straight line PB of anj^ length, from B 
a straight line B8, and join 8Q; and from P, B, 5 and Q 
draw perpendiculars PA, BC, 8D, QB on AB) AG, CD and 
DB will be the projections of PB, B8 and 8Q on AB ; and 
as long as A, C, D, B fall in the order represented in the 
figure, the arithmetic sum of these projections is equal to 
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AB, the projection of PQ. The same would be true if we 
had taken any number of lines between P and Q. If how- 
ever C fell to the right of B, or C or D fall to the right of 




B or to the left of A, this will be no longer the case. We 
may agree to consider the projection of a line to be equal 
to its length multiplied by the cosine of the angle which 
it makes with the second line, those angles being always 
taken which are formed by the successive lines PB, B8, SQ 
with AB towards the same part. Thus if D come to the 
left of C, the angle between BS and AB will be obtuse, and 
the projection of B8 will be negative. And since . 

AG-CD + BB = AB, 

we still have the theorem that " the cdgebraical sum of the 
projections on a given line, of a series of lines by which we 




pass from one point to a second, is equal to the projection 
on the same lin£, of the straight line joining the two points** 

This statement may be illustrated thus. Suppose a point 
to move from P to Q along PB, 5/S, SQ^ and from each 
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of its successive positions imagine a perpendicular let fall 
on AB. As the point moves along PRy the foot of this 
perpendicular will move along AB from A towards B, or 
in the opposite direction, according as the angle between 
PB and AB is acute or obtuse, and the length traversed 
by it along AB is the projection of PB, and is positive if it 
travels from A towards J?, and negative if in the opposite 
direction. It is clear that as the moving point passes from 
P to Q, the foot of the perpendicular will pass from AtoB, 
and hence AB which is the projection of PQ will also be the 
algebraical sum of the distances travelled by the foot of the 
perpendicular, or of the projections of PB, R8, 8Q. The 
same theorem will be obviously true if instead of three lines 
we have any number. By the angle between PB and AB 
is meant the angle which would be formed if from any point 
were drawn lines in the directions of PB and AB. Thus 
the angle between PB and AB is the supplement of that 
between BP and AB, 

12. By means of the result of the last Article, another 
proof of the formula (6) of Art. 8 can be obtained. 




If, in the figure of that Article, QiV be drawn parallel 
to the axis of z to meet the plane of xy in N^ and NM drawn 
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parallel to Oy to meet Ox in J!f, it follows that the pro- 
jection of OQ on OP is equal to the siim of the projections 
of OM, MN and NQ on OP, that is, if 6 be the angle POQ, 
and l,m,n\ V, m\ ti be the direction-cosines of OP and OQ 
respectively, 

OqQ.o%e^OM:l-vMN.m^NQ.n 

^OQ.V.l^0Q.m\m^OQ.n\n; 
/, cos ^ = H' + mm' + nn . 

13. To find the distance of a point from the origin when 
the co-ordinates are oblique. 

The formulae of Arts. 4, 5, 6 and 8 were obtained on the 
supposition of rectangular co-ordinates. Let Owy Oy, Oz be 
oblique axes, and P any point. Through P draw planes 
parallel to the co-ordinate planes to meet the axes in M, 
if, R ; and join OP. Th^ ratios of OM, ON and OR to OP 




will be clearly the same whatever be the position of P, pro- 
vided it lie in the same straight line through 0. These 
ratios are called the direction-ratios of the line OP, and are 
usually denoted by the letters I, m, n. We then get formulae 
corresponding to those of Art. (5), 

w^l.OP, ij=-m. OP, z^n.OP. 
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Again, let X^ ft, i^ be the angles betweep (Oy, Oz), ( Oz, Ox), 
{Ox, Oy). Then we have, if PL be the edge of the paral- 
lelepiped through F parallel to Oz, 

OL' ^0M^+ Mr '-20M .MLcoa OML 

= a^+y* + 2xy cos v. 

And C>P'= Oi" + Pi" -20i. Pi cos OiP. 

But the projection of OL on OR is equal to the sum of 
the projections of OJf and ML on OR, or by Art. 9, 

Oicos^Oi=Oilfcosu+ificosX = - OLcosOLP; 

r ■ ■ 

and therefore ' 

OF* = a^ + j^ + ^*-\- 2yz cos X + 2zx cos fi + 2xy cos v. 

Combining this with the formulae a? = i . OP, y=^m. OP, 
z=^n. OP, we get 

1 = ?+ m' +7i' + 2mw cosX + 2wZ cos /t + 2Zm cosi/..,(l), 

the relation which holds between the directiourratios of any 
straight line» 

In the same manner we could shew that the distance be- 
tween two points x^y y^, z^ ; a?„ y„ z^ is 

(a^i-a?J'+(yi-y/+K-^,r + 2.(y,-y,)(^,-.«JcosV 

+ 2 {z^-z^ K -^j cos /I, + 2 (a?, - a?,) (jr,-y,) cosr. 

And as in (8) that the cosine of the angle between two lines 
whose direction-ratios are Z, m, n ; V, m, n' is 

IV + mm' + nn + (»m' + mn) cos Xr 

+ (nf + 7^7) cos /A + (im' rf f m) cos v, . .(2). 

14. The volume of the parallelepiped of which OP is the 
diagonal is evidently equal to the product of the area of the 
parallelogram OMLN, into the perpendicular from R on the 
plane of xy. If be the angle between OR and a line per- 
pendicular to the plane of xy^ this volume would equal 

OM. ON sin v x OR cos 

r 

= xyz . sini/ . cos 0. 

But if r, m', r^' be the direction-ratios of the line through 
perpendicular to the plane of xy, since it is perpendicular 
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to Ox and Oy whose direction-ratios are (1, 0, 0), (0, 1, 0) 
respectively, we have, by formula (2) of the last Article, 

T-h w'cosi/+n'cos/A = (1), 

V cosi; + w' + w cosX = (2). 

And since it makes an angle with Oz whose direction-ratios 
are (0, 0, 1) we have 

n +rcos/t4- w'cosX = cos^ (3). 

From these, since by formula (1) of the last Article 

t (J! + m cos v + n cos fi) + m' [m + n' cos \ -h f cos i') 
+ w' (7i'+?'cos/i + w cos\) = r + m'*+n'^ 

4- 2m' w' cos X + 2nt cos ii + 2Z'?7i' cos i; = 1, 

we have n'cos ^ = 1 (4), 

And from (1) and (2) we have 

• ? __ ra _ ^' 

cos fjL — cos X cos V cos X — cos /Lc cos V cos' 1/ — 1 

cos*X+cos'V + cos*i; — 2cosXcos/ACOsi/— 1 ^^ '' 
whence we get 
cos' 6 sin' i; = 1 — cos' X — cos' ^ — cos' i/ + 2 cos X cos fi cos j/. 

And the volume of the parallelepiped becomes 

ayyz Vl — cos' X — cos' /^ — cos' i; + 2 cosX . cos /* . cos v. 

The volume of the tetrahedron cut ofiF from the co-ordi- 
nate axes by a plane through iJ, M, N, is evidently one-sixth 
of the above expression. 

/ 15, The position of a point in space is sometimes de- 
termined by means of polar co-ordinates. Thus if Ox, Oy, 
Oz be rectangular axes and P any point, the position of P is 
clearly determined if we know OF the distance of P from 
the origin ; the angle POz which OP makes with a fixed 
line the axis of z ; and thirdly, the angle between the plane 
through OP and Oz and some fixed plane through Oz, as the 
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plane of zx. These are called the polar co-ordinates of P 
and are usually denoted by the letters r, tf, <f>. They are 
connected with the rectangular co-ordinates of P referred to 
the axes Ox, Oy^ Oz by very simple relations which can 
be obtained thus. Draw PN parallel to Oz to meet the 
plane of xy in N, and NM parallel to Oy to meet Ox in M, 
Join ON. 

Then 

X = OM = OiVco3 <f) = OP^ sin 5 cos ^ = r sin cos ^, 

— » *> 

y =01]^,=: ON sin ^ = OP sin fl sin ^ = r sin 6 sin ^, 
z^PN^OP cos 5 = r cos ^, 
from which we can obtain the equivalent system 

r' = aj' + y^ + 2", 



tan^ = ^, 

z 

tan<^=^; 



which give r, ^, ^ in terms of a?, y, ^. 
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EXAMPLES. CHAPTER I. 

1. Find the distances between each pair of the points 
whose co-ordinates are (1, 2, 3), (2, 3, 4), (3, 4, 5) respectively. 



2. Prove that the triangle formed by joining the three 
points whose co-ordinates are (1, 2, 3), (2, 3, 1), (3, 1, 2) 
respectively is an equilateral triangle. 

3. The direction-cosines of a straight line are propor- 
tional to 1, 2, 3 ; find their values. 

The direction-cosines of a straight line are propor- 
ional to 2, 3 and 6 ; find their values. Find also the angle 
between this line and that in question (3). 








5. Find the angle between two straight lines whose 
>mrection-cosines are proportional to 1, 2; 3 and (5, —4, 1) 
0^ respectively, 

y 6. -4, 5, G are three ^points on the axes of a?, y, z 
^//Respectively; if OA^a^ uB = by OC^c, find the co-ordi- 
nates of the middle points o{ AB, BO and CA respectively. 

7. In the last question find the co-ordinates of the 
i ,o6'ntre of gravity of the triangle ABC and the distances of 
this point from A, B, C respectively. 

j y 8. Shew that if -D, E be the middle points of BG^ GA in 
t^the last question, DE=\m. ^ ^ 

y^ 9. Find the distance between two points in terms of their 
"^ ^ polar co-ordinates. 

^ 10. The co-ordinates of a point are (V3, 1, 2 V3) ; find 

its polar co-ordinates. 

11. The polar co-ordinates of a point are (4, ^, ^j ; 
find its rectangular co-ordinates. 
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CHAPTER IL 

THE STRAIGHT LINE AND PLANE. 

16. Before proceeding to find the equations of the 
straight line and plane, we must examine the nature of the 
locus represented by an equation of the form 

F{x,y,z)^0 (1). 

Solving with respect to z we obtain 

where z may have one or more values for each set of values 
of OS and y. Hence if we take any point in the plane of ay 
whose co-ordinates are a, b we get one or more values of z, 
that is, the straight line drawn through the point (a, b) 
parallel to the axis of z will meet the locus in one or more 
definite points. Hence the equation (1) must represent 
a surface and not a solid figure. 

Two equations 

F,{x,y,z) = 0, 

considered as simultaneous will be satisfied by the co-ordi-, 
nates of all the points of intersection of the two surfaces 

F,{x,y,z) = 0, 

F,{x,y,z)^0, 

that is, will represent a line. 

The simplest line with which we are acquainted is the 
stra^ht line, and the simplest surface the plane. It would 
perhaps be more logical to find the equation of the plane 
first, and then, since any two planes intersect in a straight 

A. Q. 2 
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line, the equations of two planes considered as simultaneous 
would represent a straight line. The equations of a straight 
line can however be obtained most simply without reference 
to that of a plane, and we shall therefore invert the ap- 
parently natural order. 

17. To find the equations of a straight line. 

Let ly m, n be the direction-cosines of the straight line, 
a, )9, 7 the co-ordinates of some fixed point in it, and a?, y, z 
those of any other point in it. Also let r be the distance 
between these points. Then by Art. (6) we have 

a? — a = ir, y — )9 = mr, z — y^nr, 

^=^=^=^ w- 

I m n 

These are the symmetrical equations of a straight line. 
If -4, By G be any quantities which are proportional to I, niy n, 
we can replace these equations by 



^_— a _ y — /8 _ 2? — 7 



(2), 



but these fractions are no longer equal to r. Conversely any 
equations of the form (2) represent a straight line whose 
direction-cosines are proportional to ^, j8, C, The values of 
these direction-cosines can be found ; for supposing them to 
be T, m, n, we have 

I m n V?Tw?+~r? 1 i 



A B C ^A' + ff+C ^A^ + R'\-C^' 
The equations (2) can be also written thus : 



z 






Or writing 



B a B C O 



I 
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-^ + P\ (3), 



z= nx +5 

which are the simplest forms of the equations of a straight 
line, and useful in many cases. The student is however ad- 
vised especially to attend to the forms (1) and (2). 

The equations in (3) are those of planes drawn through 
the line parallel to the axes of z and y respectively, the inter- 
sections of which with the planes of ooy and zx are the pro- 
jections of the given line on those planes. (Art. 19.) 

18. To find the equations of a straight line passing 
ihrough two given points. 

Let a, /8, 7 ; a, fi', y be the co-ordinates of the two given 
points. 

By the last article the equations of any straight line 
through (a, 13, y) can be written in the form 

^^izl^^iiy (1). 

L m n ^ ^ 

But if the line also pass through the point (a, 13', y) we 
must have 

!^«=2^.£=_7 p), 

L m n 

Dividing each member of (1) by the corresponding mem- 
ber of (2), we get as the equations required 

19. Tq fimd the equation of a plane. 

Let OD be drawn perpendicular on the plane from the 
origin, and let the length of OD be p, and I, m, n its direc- 
tion^cosines. Let P be any point in the plane. Then since 
OD is perpendicular to the plane it is perpendicular to PD, 
Henoe OD is the projection of OP on OD. 

Draw PM parallel to Oz to meet the plane of xy in M, 
and -JOT parallel to Oy to meet Ox in N» Then the projec- 
tion of OP on OD is the sum of the projections of ON, NM 

^V^V--'-- 2—2 
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and MP on OD. But these are Ix, my, nz, respectively> and 
the projection of OP on OJD is p. Hence 

lx + my'\'nz=^p, , (1) ; 




a relation which is satisfied by the co-ordinates of any point 
in the plane, and therefore the equation of the plane. 

If the plane is perpendicular to one of the co-ordinate 
planes, as for instance that of xy, OD will lie in that plane, 
and we have n = 0. Hence the equation in that case be- 
comes 

Ix+my^p i (2), 

and does not contain the variable z. 

If the plane is perpendicular to two of the co-ordinate 
planes, as those of xy and zx,l^l, m=0, n = 0, and the 
equation becomes 

^=P •• (3). 

These results are geometrically evident. 

20. To find the equation of the plane in terms of its in^ 
tercepts on the axes. 

This can be deduced from the equation (1) in the last 
article, but may also be obtained independently thus. 

Let the plane cut the axes in A, B, G; and let any plane* 
parallel to that of yz cut the co-ordinate planes of zx, xy in. 
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the lines RN, NQ, and the given plane in jR Q. Let P be 
any point in RQ and therefore any point in the plane. Then 
by Euclid, xi. 16, the lines jB^, NQy^ QR are parallel to the 
lines CO, OB and BGy respectively. Draw PM parallel to 
RN to meet QN in Jf . 

Let 0N=x,NM = y,3IP=z, OA^a, OB^h, OG^c, 

Then by similar triangles 

PM 



Also 



Hence 



RN NQ 

RN AN 



MQ / NM 



NQ' 
NQ 
BO' 

AN ,NM, 



PA* 



Sn-/ >• 



A^ 



ijt 



/yv/v 



A' 



CO~AO 

PM m 

BW^ C0~ AO^ 

PM MN._ AN 
' CO^ BO AO 



NQ 



m ^ so 



^ 



=1- 



ON 
AO'' 



or 



a c 



(4). 



21. All these forms of the equation of the plane are in- 
cluded in the form 

Ax-\-By-\- Cz^D : (6). 

Conversely we can shew that any equation of the form 
(5) represents a plane. 
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For let a, /8, 7 ; a', ^, 7' be the co-ordinates of any two 
points in the locus represented by (5). The equations of the 
straight line joining these two points are 

a'-a.""/8-/8"7'-7 ^ ^* 

But since (a, /8, 7), (a', /8', 7') he on (5) we have 

^a' + 5^8'+ ay = 2). 
Subtracting, A{a-OL) + B{fi- P)'\'C{y^i)^0. 
And therefore by (6) 

where a?, y, z are the co-ordinates of any point in the line' (6), 

or ^aj + jBy+G2r=-4a + 5/8+Oy = -D. 

Hence x, y, z, the co-ordinates of any point in the line 
(6), satisfy the equation of the locus. That is, if any two 
points be taken in the locus of (5) and be joined by a straight 
line, this straight line lies wholly in that locus. Therefore 
the surface represented by (5) is a plane. 

An equation of the form 

Ax-\-By^D 

represents a plane perpendicular to the plane of xy, and an 
equation of the form 

Ax^D 

represents a plane perpendicular to the axis of x, (Art 19). 
These are particular cases of (5), and may be obtained from 
it by making first C to vanish, and secondly both B and G 
to vanish. 

22. To find the distance from the origin of the point 
at which the plane (5) cuts the axis of x we must put ^ = 

and 2? = 0. We thus obtain Ax = i) or a? = -r ; or if this 

A 

distance be called a, -j ~ ^* Similarly -d = &» tt = ^ ; and 
substituting for -4, B, (7 in (5) we get 



i 
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Dx By Dz_ 

a 6 c 
the equation found m Art. 20. 

23. By Art. 19 it appears that every plane can be repre- 
sented by an equation of the form 

where Z, m, n are the direction-cosines, and p the length, of 
the perpendicular from the origin on the plane. But 

represents a plane. Hence if these represent the same plane, 
we have 

I m ^ n p 

Also P+m* + n* = l; 



m=i 



w = 



B 

G 



jA' + ff + G'' 

and o = -7=====^-. 
^ Ja' + B' + C 

Thus the direction-cosines of the perpendicular from the 
origin on the plane 

Ax + By + Cz = B 

are proportional to Ay B, G, and the length of the perpendi- 
cular is , . 

24. The angle between any two planes whose equa- 
' tions are 

Ax + By'\'Cz== D, 

A'x + By + C'z^B^, 
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is the same as the angle between the perpendiculars on them 
from the origin. But the direction-cosines of these perpen- 
diculars are (Art. 23) 

A B C 

Ja'+B'+c' Ja'+b'+c' Ja^TWTc'' 

A' F C 



JA'^ + B^+C'^' JA'^ + B'^ + C"^' JA'^ + F^ + C'^' 

and the cosine of the angle between the planes is therefore 
equal to 

AA' + BB' + CC 

JA'ITB^^^^JA'' + B' H- C" * 

^he condition that the two planes should be at right 
angles is therefore 

^^'+5fi' + O(7'=0. 

The conditions that they should be parallel may be 
obtained by equating the cosine of the angle between them 
to unity. It will be found that this leads to the con- 
ditions 

A_B^_C_ 

A^'^B'" G" 

These may be also obtained independently from the con- 
sideration that the direction-cosines of the perpendicular on 
the one plane are proportional to -4, jB, (7, and those of 
the perpendicular on the other to A'y B\ & ; and if the 
planes be parallel, and consequently the perpendiculars from 
the origin on them coincident, we must have A, B, C pro- 
portional to A\ By G\ or 

A'^E'^G'* \ 

25. The equation of a plane through a point (a, /8, 7) 
parallel to the plane 

Ax-\'By^-Gz^B (1) 

is easily seen to be 

or Ax + By+Cz=^Aa + Bfi+Cy (2)* 
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For this equation does represent a plane parallel to (1) by 
the last article, and it is satisfied by the values 

^ = 0, y=/8» -3^ = 7- 

Now the length of the perpendicular from the origin on 
the plane (1) 

and the length of the perpendicular from the origin on the 
plane (2) is similarly 

The diflference of these, or 

(Aa + Bfi+Oy )^D 

is the length of the perpendicular from the point (a, /8, 7) on 
the plane (1). 

If we take the equation of the plane in the form 

Iw + my 4 nz —p = 0, 

the numerical value of the length of the perpendicular from 
any point (x, y, z) on this plane is 

±(lx-\- my -f nz —p)* 

It is easily seen that the expression 

lx-\-my-\-nz — jp 

is positive if the point (a?, y, z) is on the opposite side of the 
plane from the origin, and negative when the point {x, y, z) 
. is on the same side of the plane as the origin. If the ex- 

pression be denoted by a, the length of the perpendicular 
from any point on the plane 

is ^9 or ^31, according as the point and the origin are on 
the same or opposite sides of the plane. 

26. If we take four planes forming a tetrahedron whose 
equations are 

a = 0, /3 = 0, 7 = 0, 8 = 0, 
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aU expressed in the form 

Ix + my + nz—p = 0, 
any other plane may be represented by the equation 

la + mfi + n7 + j8 = 0. 

For this represents some plane, being of the first degree in 
X, y, z, and since it contains three arbitrary constants, namely, 
the ratios of three of the qnantities I, m, n, q to the fourth, 
it may be made to satisfy three conditions, and may therefore 
be made to represent any plane. 

This method of representing planes may be developed in 
a similar manner to that used for straight Uhes in Plane Co- 
ordinate Geometry (Todhunter's Conic Sections, Chap. iv.). 
Thus the equations of the two planes bisecting the angles 
between the planes a = 0, ^ = 0, will be 

a-)3 = 0anda + /8 = 0, 

the former bisecting that angle within which the origin lies, 
and the latter the supplementary angle. 

Any equation which is not homogeneous in a, /8, 7, S, can 
be rendered so by means of the relation 

where V is the volume of the tetrahedron, and A, B, C, D 
the areas of its faces. This equation merely states that the 
algebraic sum of the four tetrahedra whose vertices are at the 
point (a, P, 7, h) is equal to the fundamental tetrahedron. 

27. If a straight line 

A " B a ^^ 

is parallel or perpendicular to a plane 

A'x'\'B'y-\'Cz = D .-.(2), 

it is perpendicular or parallel respectively to the perpen- 
dicular on that plane, whose direction-cosines are proportional 
to A\ B, C\ 

The condition that (1) may be parallel to (2) is therefore 
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and the conditions that (1) may be perpendicular to (2) are 

28. It is often requisite to know the length of the per- 
pendicular on a given straight line from a given point* 

Let the equations of the straight Une be 

A ^ B " G ^ ^' 

and let a', ff^ y be the co-ordinates of the given point. 

The equation of any plane through (a', j8', 7*) is 

X(a:-a') + /x(y-/3') + j.(«-7') = (2). 

If this plane be perpendicular to (1) we have 

X fJL V 

1''B'"C' 
and its equation becomes 

A (aj-aO +B (y- /8') + C(z-y) = (3). 

The point where this plane meets the line (1) is evidently 
the foot of the perpendicular from (a', ff, 7') on (1). 

Let then P be the point (a, /8, 7), F the point (a', ff, 7'), 





and Q the foot of the perpendicular from P' on the line (1) ; 
therefore PQ is the perpendicular from P on the plane (3), 
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and we have pQ.^C^l^^L+W-^OCy-^) , 

and FQ^ = PF' - PQ* by the right-angled triangle FQP; 

.-. FQ* = (a - a')' + 03 - /9')' + (7 - 7')* 

\A (a'-a)+B(^-0) + G (y -7)]' 
A^' + B'+C 

29. To find ihe conditions thai a straight line may lie 
wholly in a given plane. 

Tpt a!-g _ y-/3 z-7 . 

be the equations of the line, 

A'x + Fy + Oz^D (2) 

the equation of the plane. 

Put each of the fractions in (1) equal to k. 

Therefore 

a? = a + Ahy y = )3 + Bhy z=^y+ Ck, 

and if the line (1) lies wholly in (2), these values of a?, y, z 
must satisfy (2) whatever be the value of k. Hence the 
equation 

must be satisfied independently of k. This gives us the two 
conditions 

.^'a + F^S 4- (77 - 2> = 0, 

The first of these equations denotes that the point (a, /3, 7) 
lies in the plane (2), and the second that the angle between 
the line (1) and the perpendicular on the plane (2) is a 
right angle. These are evidently necessary and sufficient 
conditions. 

30. To find the shortest distance between two straight 
lines whose eqitations are given. 

We must first prove that the shortest line between two 
given straight lines is perpendicular to each of them. 
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Let BCy AD be the two straight lines, and AB a line 
perpendicular to each of them. Then AB is clearly shorter 
than the line joining A with any other point of BC, and, 
also than the line joining B with any other point of AD. 
Let P be any point in AD^ and Q any point in BO. Then 




D 

PA and QB are both pei-pendicular to ABy and therefore AB 
is the projection of PQ on AB^ and is equal to the length 
of PQ multiplied by the cosine of the angle betwean them, 
and is therefore less than PQ, since the cosine of aay angle 
is less than unity. 

Let -^ -^ -gr- (1), 

A '' B " 0' '"^^' 

be the equations of the two straight lines. Let the equation 
of any plane through (1) be 

P(a?-a) + (2(y-)9) + i?(i5-7) = (3). 

Then we have, since (3) contains (1), 

P4 + Q5 + i?C=0 (4). 

And if we take the plane through (1) to be also parallel 
to (2), we have 

pjr' + (2i?'+iZ(r=o..., (5). 

From (4) and (5) we have 

P _ Q ^ R 
BG'-BG^ GA' -C^A AB-A'B' 
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The equation of a plane through (1) parallel to (2) is 
therefore 

{BU-B G) {:xy^)'¥{ CA-- OA) (]f^l5)+{AB-A'B) {z^)^0 (6). 

Similarly the equation of a plane through (2) parallel to 
(l)is 

(5(7-5'C)(a:-a )+(0^'-(7^)(y-/8')+(-4£'-^'£) (^5-7 )=<> (7). 

The length of the perpendicular from the origin on (6) is 

(BG'-B'C ) a+{CA'^CrA)fi+(ABr''A'B)y 

^(bC'^BGy + (CA' - OAy + {AB''' A' By ' 

and the length of the perpendicular on (7) is 

(BG'-B'G)a:'\-{GA''-G'A)ff + (AB'--A'B)y' 

^{BO - B'Gf + (C^' - GAy\{AB - A'Ey 

The difference of these, or 

jBG-'BG) (q^gQ + (C^^- CA) (/3~/80 + {AB^-A'B) (7-y) 
J{BG'-BGy + {GA'-GAy + iAff - A'By 

is clearly the perpendicular distance between the two given 
lines. 

The equations of the line AB can be obtained by finding 
the equations of two planes, one of which contains the straight, 
line BG and is perpendicular to the plane (6), ^and the other 
contains the line AD and is perpendicular to the same plane. 
Each of these planes evidently contains the straight line AB, 
and their equations considered as simultaneous determine the 
line. The requisite conditions for the two planes will be 
found in Articles 24 and 29. 

31. To find the condition that two straight lines whose 
equations are given may intersect 

Let the equations of the straight lines be 



A B G 



(2). 
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TJien if they intersect, a plane can be made to pass through 
both of them. Let this plane be 

Since this contains the line (1) we have, by Art. 29, 

Pa + Qfi + Ry^D (3), 

PA'{-QB + IiG^O (4). 

And since it contains the line (2) we have 

Pa + Qff + Ey'=D.. (5), 

PA' + QB'-hBCr^O.. (6). 

From (3) and (5) we have 

;fi[a-a') + (2()8-/8') + iZ(7-7) = (7). 

And eliminating P, Q, R from (4), (6) and (7) we get with 
the usual notation of determinants, 

ABC 

A[ ff C =0, 

a-a fi-ff 7-7 
or 

(ct-a') (^C^-J^C) +(/3-)30 (ail'-C'^)-f (7-7')(-4£'-il'5)=0. 

A result which might have been, obtained from the last 
article by the consideration that if two straight lines intersect 
tbeir shortest distance vanishes. 

If the two straight lines be given by the equations 

Ax-\-By\-Cz^D\ .^. 

A'x + ffy + Cz^D') ^ ^' 

Px + Qi/ + Bz = 8\ ,Qv 

Fx + Q'y + Rz^S'j ^""^^ 

the condition of intersection is obtained from the considera- 
tion that these four equations must be able to be satisfied 
by the same values of x, y, z. The condition for this is 

A B G B 

A' B' a u _^ 

P Q R 8 ~^' 
F Of E 8' 
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EXAMPLES. CHAPTER II. 

1. Find the equations of a straight line passing through 
t/ the point (1, 2, 3) and whose direction-cosines are proportionial 

to V3, 1 and 2 V3. 

2. Find the equations of the straight line joining the 
two points whose co-ordinates are (1, 2, 3) and (3, 2, 1) re- 
spectively. 

3. Find the equations of the sides of the triangle formed 
by joining the points (1, 2, 3), (3, 2, 1), (2, 3, 1). Deduce the 
values of the angles of the triangle. 

4. Find the equation of the plane which passes through 
the three points in the last question, and the length of the 
perpendicular on it from the origin. y 

/ 5, Find the equations of a straight line which passes 
^ through the point (1, 2, 3), and is perpendicular to the plane 

6. Find the equations of a straight line which passes 
through the point (1, 2, 3), and is perpendicular to the two 
straight lines in questions (1) and (2). 

7. ' Find the equation of a plane passing through two 
given points and perpendicular to a given plane. 

8. Find the equations of a straight line passing through 
^he point (1, 2, 3) and parallel to the plane in question (4) 

and to the plane of xy. 



/ 



9. Find the equation of a plane passing through the 
point (2, 3, 4) and the straight line in question (1). 

10. Find the equations of a straight line drawn from 
the origin of cb-ordinates at right angles to one given straight 
line, and ix^aking a given angle with another. If the given 
straight lines be at right angles to each other and the given 

angle be - , shew that there are two solutions, and that the 

two straight lines so found are at right angles to each other. 
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11. Find the equation of a plane which passes through 
a given point, and is perpendicular to each of two given 
planes. 

12. Shew that the equation of a plane in oblique co- 
ordinates can be put in the form 

(ccosa+1/cosfi + z cos 7 =p, 

where p is the length of the perpendicular on the plane from 
the origin, and a, fi, 7 the angles which it makes with the 
axes. 

» 

13. Shew that if a, /8, 7 be the angles between any 
straight line and the axes of co-ordinates, I, m, n the direc- 
tion-ratios of the line, and \, fi, v have the meanings given 
in Art. 13, 

cos a = Z + m cos 1/ + n cos fi, 

cos ^ = w + n cos X + l cos j/, 
cos 7 = n + Z cos ji + m cos \. 

14. Deduce the conditions that in oblique co-ordinates 
the straight line 

I m n 

may be perpendicular to the plane 

Ax-\-By + Cz=^D. 

15. Shew that the locus of a point which moves so as 
always to be equidistant from two given points, is a plane 
which bisects at right angles the straight line joining the two 
points. 

16. What loci are represented by each of the equations 

/(^) = 0;/(r) = 0;/(d) = 0;/(^)=0; 
where r, ^, ^ are the usual polar co-ordinates ? 

17. Interpret the equations: 

A. G. 3 
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18. Find the polar equation of a plane. 

19. Find the angle between the two lines given by 

20. Three planes are at perpendicular distances p^, p^t p 
from the origin ; three planes are drawn through the lines of 
intersection of any two perpendicular to the third; shew that 
the last three planes will intersect in a straight line passing 
through the origin if 

p^ cos ^—Pg cos B =p^ cos (7, 

where A, B, C are the angles between the first three planes. 

21. Shew that through two given points (a, h, c), (a, b\ c'), 
two planes may be drawn cutting off from the axes intercepts 
whose sum is zero; and these two planes will be at right 
angles to each other if 



1 1.1a 

,+ T t7+ ^,= 0. 



a — a' i — 5' c — c 

3,2. Find the cosine of the angle between the two straight 
linfis represented by 

os + y + z=0, 



y — z z — X x — y 

:23. Find the condition that the two straight lines whose 
direction-cosines are given by the equations 

Al-\-Bm+Cn^Oy 

PP+ Qm!" + £71^ = 0, 

may be at right Angles to each other. 

24. If the co-ordinates of four points be a — J, ia — c, 
a — d; 6 — c, b — dy b—a; c — d, c — a, c — b\ d — a, d'-b, 
d—c, respectively, prove that the straight line joining the 
middle points of any two opposite edges of the tetrahedron 
fonxied by joining the points, will pass through the origin. 
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25. Shew analytically that the least distance between 
two straight lines is perpendicular to each of them. 

26. The shortest distance between the lines 

intersects the latter in the point whose co-ordinates are 

a + V cosec* 6 {u -^u cos 0), 

and two similar expressions where is the angle between the 
lines and 

tt = Z(a'-a) + m(/3'-/S) + w(y-7), 
t*' = r (a-a) + w' (/3-/9') + 'i' (7-7)- 

27. Prove that the straight lines joining the middle 
points of opposite edges of a tetrahedron all meet in a point 
and bisect one another. 

28. If Xy y be the lengths of two of the straight lines 
joining the middle points of opposite edges of a tetrahedron, 
w the angle between these lines, and a, a those edges of the 
tetrahedron which are npt met by either of the lines, prove 
that 



cos CD = 



4iwy 



29. Find the shortest distance between the diagonal of 
a cube and any edge which it does not meet. 

30. Find the area of the triangle formed by joining the 
three points where the plane 

a b c 
cuts the axes. 

31. From the origin are drawn three equal straight IJnes 
of length p, such that the inclinations of the first to the axes 
of oc, y, z respectively, are the same as those of the second to 
y, Zy X, and of the third to z, x, y. A plane is drawn perpen- 
dicular to each of them through its extremity. Find the co- 

3—2 
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ordinates of the point of intersection of these three planes 
and the equations of the line joining it with the origin. 

32. A straight line is drawn from, the origin to meet 
the straight line 

I m n 

at right angles. Shew that its equations are 



X 



--y_- 



where t = 



a—It b — mt c — nt' 
al+bm + cn 



I' + vt' + n'' • 



33, Shew that by a proper choice of axes the equations 
of any two straight lines can be put in the forms 



CHAPTER III. 

r • 

ON CERTAIN SURFACES OF THE SECOND ORDER. 

32. We have shewn that the general equation of the 
first degree represents a plane. Before proceeding to the 
discussion of the general equation of the second degree, we 
shall find the equations of certain special surfaces included in 
the class represented by the equation of the second degree. 

33. The Sphere. 

A sphere is a surface every point of which is at a, constant 
distance from a fixed point called ike centre. The constant 
distance is called the radius. 

Let a, 6, c be the co-ordinates of the centre, r the radius, 
a?, y, z the co-ordinates of any point on the surface. Then 
the distance of the point (a?, y, z) from the centre is equal to 

^l{x -ay + {y- 5)*+ (-2 - c)". 

But this distance must equal the radius n Hence for all 
points on the surface 

or (a?-a)'+(y-5)' + (^-c)" = r^ (1), 

which is the equation required. 

Conversely any equation of the form 

(x? + f-\'S? + Ax'VBy+ Cz + D = 
represents a sphere. For it can be put into the form 
f ^^\\f ^^\ f . OV A' + B'+C ^ 
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and, compaxing this with (1), we see that it represents a 
sphere whose centre is at a point {"""oj'^'oj'^'o) ^^^ whose 
radius is 



■J 



A ' + ff + C jj 



34. The Cone. 



A cone is a surface generated by a straight line which al- 
ways passes through a fixed point called the vertex, and throttgh 
a fixed curve. 

We shall only discuss in this and the next Article the 
case when the fixed curve is a plane curve of the second 
degree. 

Take the plane of the curve as the plane of xy^ and let 
the equation of the curve be 

^«" + (y + -EB = (1), 

to which form* the equation of any conic section can be re- 
duced ; and let a, ^y y be the co-ordinates of the vertex. 

The equations of any straight line through the vertex are 

^=2^ = £r7. (2); 

when this meets the plane ofxy we have « = 0, and therefore 

I o ^ 
(xs = a — y, y = p y. 



since the line always passes through some point in the curve 

\. Hi 



These values of x and y must satisfy the equation (1), 
30 the line always passes through 
representee^ by (1). Hence we have 

or, multiplying by n\ 

A {na-lr/f + C (nfi -myY + En(na- ly) =0. 
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This is a relation which must be satisfied by I, niy n if the 
straight line (2) meet the curve (1). But if {x, y, z) be any 
point in (2) we have 

a? — a y "fi « — 7* 

Consequently, if (a?, y, z) be any point in any straight line 
joining (a, fi, 7) with some^ point of the curve (1), we must 
have 

-f. JF (« - y) {a («--7)-7 (ar- a)} =0; 
or reducing; 

which is therefore the eq[uation of the cone. 

If we transfer the origin to the point (a, /8, 7) we must 
put 

and the equation becomes 

A {oLz'-yafy + C (fiz' - yy^ + Ez' (olz' - 7a;') =0, 

of which every term is of the second degree in x\ y\ z. The 
equation of a cone of the second degree whose vertex is at 
the origin is therefore homogeneous. Conversely every homo- 
geneous equation of the second degree represents a cone 
whose vertex is at the origin. For let 

P^'\'(i'lt-\-Bz^-\'Pyz-V(izx-\'lS:xy^^ (4), 

be the equation. And let a?^, y^, z^ be the co-ordinates of any 
point on the locus. Then the equations of the straight line 
joining (a?^, y^ z^ with the origin are 

^^y-^'- (5). 

^i yi ^i 

But, since (a;,, y^, z^ is a point in (4)), 

and therefore by (5), if {x, y, z) be any point in (5), 
Pa? + Qy^ + Rz"" + Fyz + (/zx + Exy = 0. 
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Hence every point on the straight line joining the origin with 
(a?p jfj, z^ lies on the surface. Thus, the surface is generated 
by a straight line which always passes through the origin, and 
is therefore a cone. 

35. Ths Cylinder, 

A cylinder is a surface generated by a straight liiie which 
always parses through a fixed curve and remains parallel to 
itself. 

Let the plane of the curve be taken as the plane of xy, 
and let its equation be 

Aa?'J^Cy^'J^Ex^O (1). 

Also let Z, m, n be the direction-cosines of the straight 
line to which the generating line always continues parallel. 
Let a, /8, be the co-ordinates of the point in the curve (1) 
through which any generating line passes. The equations of 
this line will therefore be 

^" = ^ = |. (2); 

L m n 

h rt mz 

n n 

But a, /8 are the co-ordinates of some point in (1), and 
therefore we have by substitution 

or A {nx -lzY + 0(ny - mzy + nE{nX'-lz) = (3), 

which, being a relation satisfied by the co-ordinates of any 
point in any one of the generating lines, is the equation of 

the surface. 

36. The Ellipsoid. 

The ellipsoid is a surface generated by a variable ellipse 
which always moves parallel to itself and ha^ its vertices on 
two ellipses whose planes are perpendicular to eaxih other and 
to the plans of the moving ellipse, and which have one axis 
common. 
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Let the planes of the fixed ellipses be taken as the planes 
of zx and xy, and the direction of their common axis as the 




Bl/ — — S 

axis of X, The plane of the moving ellipse will be parallel to 
the plane of yz. t^ 

Let CO A, A OB be the fixed ellipses, OA = a, OJ? = 6, 
OG^c. And let EPS be any position of the moving ellipse, 
MB, MS its semi-axes, JP any point in it. 

Draw PIT parallel to Oz to meet MS in JV. 

Let OM=x, MJHr^^y, NP = e. 

From the ellipse EPS, 

BM^^MS"^ ^ ^* 

From the ellipse COA, 

BM^ ^ a? 

-?--i-^ ' <2). 

From the ellipse A OB^ 

MS^ a? 

"W"^^'^^ ^^^' 
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Whence substituting in (1) 

c'* "^ i» " a" 

or ^ + ^ + -,=1 (4). 

If the two semi-axes OC and OB be equal, it can be 
seen fro.m (2) and (3) that MR and MS are also equal. 
Now an ellipse whose axes are equal is a circle. Hence 
the surface in this case would be generated by the revo- 
lution of the ellipse BOA round OAy and its equation 
becomes 

The surface is called an oblate or prolate spheroid ac- 
cording as the semi-axis a is less or greater than 6. If 
all the three semi-axes OA, OB, OG be equal, the equation 
becomes 

which shews that the surface in that case becomes a sphere 
whose centre is at 0. 

37. The Hyperboioid of one Sheet. 

The hyperboioid of one sheet is generated by a variaJble 
ellipse which moves parallel tO' itself, and has its vertices on 
two hyperbolas whose planes are perpendicular to each other 
and to the plane of the moving ellipse, and whibh have a com- 
mon conjugate axis. 

Let J.Q be one hyperbola in the plane of zx, BR the 
other in the plane of yz, and RPQ aijij position of the 
moving ellipse, RM and QM its semi-axes, and P any point 
on it. Let OA = a, OjB = J, and OG, the common conju- 
gate semi-axis, = c. Draw FN parallel to MR to meet 
MQ in N. Let OM=^z, MN=^x, NF=y. Then from the 
ellipse RPQ, 

MR^'^MQ' ' 
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from the hyperbola AQ, — ^ = 1 + i , 
from the hyperbola BE, — j^ = 1 + -^ ; 




a 



--<- — = 1 -4 



or 






the equation required. 

38. The Hyperboloid of two Sheets, 

This is generated as the last surface except that the 
hyperbolas have a common transverse axis. 

Take the direction of the comtnon atis as axis of x, the 
planes of the hyperbolas as the planes of .^o;, xy, and the 
plane of i/z parallel to that of the moving ellipse. Let 
OA = a be the con^moii transverse semi-axis, and OB = 6, 
OC=c, the two conjugate semi-axes. Let QPB be any 
position of the moving ellipse, MQ, MB its semi-axes, and 
P any point in it. Draw PJV parallel to QM to meet 
MM'mN. 



u 
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Let OM=a;, MN=y, NP^z. 



y' 



From the ellipse QPR, -^^ + -^ 
from the hyperbola A Q, — jj— = -j — 1, 
from the hyperbola AR, -^ = -^ — 1 ; 



= 1. 



or 



a' 6' c" 



1, 



the equation required. 




These three surfaces, the ellipsoid, the hyperboloid of one 
sheet, and the hyperboloid of two sheets, are all included in 
the equation 

Aa^ + By'+Cz'^l. 

39. The Elliptic Parabolmd. 

The elliptic paraboloid is generated by a parabola which 
moves with its vertex in a fiooea parabola, the planes of the two 



^ 
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paraholds being at right angles, their axes parallel, and their 
concavities turned in the same direction. 

Take the plane of the j&xed parabola as plane of a?y, its 
vertex as origin, and its axis as axis of ar. Then the plane of 
the moving parabola is parallel to that of zx^ 

Let PQ be any position of the moving parabola, P any 
point in it, T its latus rectum, and let I be the latus rectum 
of the fixed parabola. Draw PM parallel to Oz to meet the 




axis of the moving parabola in M, and draw QH and MN 
parallel to the. axis of ^. 

Then from the parabola PQ, 

PiP^^z^'^V.QM, 

and from the parabola QO, 

QE'^t/'^LOH^lx'-l.QM 

, Iz' 
/ = & - y ; 
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40. I%e Hyperbolic Paraboloid. 

This is generated in the same manner as the last sur- 
face except that the concavities are turned in opposite 
directions. 

Let OQ be the fixed parabola in the plane of xy, PQ any 
position of the moving parabola parallel to the plane of zx, 



N H 




P any point in it. Draw PM parallel to Oz, MN and QH 
parallel to Oy. Let I and V be the latera recta of the two 
parabolas OQ, PQ, 

From the parabola PQ, 

PM^=^z^ = l'.QM, 

from the parabola OQ^ 

QH'^f^l.OH 

l^ 

j: 



IX-^ ,, y 



.. ^ ^ -X. 

The two paraboloids are both included in the equation 
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We shall shew hereafter that any equation of the second 
degree in a, y, z can be reduced to that of one of the surfaces 
whose equations we have considered in this chapter, 

41, Asymptotic mrfaces. 

The equation of the hyperboloid of one sheet is 

^^iL^^^i (IS 

d" b* c' ^ ^' 

which can be put into the form 

V AV 2(ay + 6V)* ■■'' 

/where tbe remaining terms contain higher powers of 
ay + Va? in the denominator. 

Hence, if we increase m or y, or both, indefinitely, the 
value of z approaches indefinitely near to 



b 
And if we construct the surface 



cy^+.. 



^ aj* y^ 

v^'^^y ^^)' 

(which by Art. 34 represents a cone whose vertex is the 
origin), the ordinate of this surface parallel to Oz, corre- 
sponding to any given values of oo and y, approaches indefi- 
nitely near to equality with the ordinate of the hyperboloid 
_ corresponding to the same values of x and y, when these 
values are increased indefinitely; that is, the cone (2) is 
asymptotic to the hyperboloid. 

Similarly the cone whose equation is 

a* b* c* ' 
is asymptotic to the surface 
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42. The equation of the hyperbolic paraboloid is 

^-f=- • w^ 



=±//l^(l+£.+...) ■ 

=±\/t(^+^+-)- 



Now iiz be increased indefinitely and a? be not very large, 
the second and all the succeeding terms of the series on the 
right will diminish indefinitely. Hence the equations 



y 



= ±/v/|^ (2), 



represent two planes which are asymptotic to the surface (1) 
at points for which y and ;;; are increased indefinitely while x ' 
remains finite. 
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1. Find the polar equation of a sphere, any point not the 
centre being the pole. Shew that if through a fixed point 
any chord UPQ be drawn meeting a sphere in P and Q, the 
rectangle OP . OQ is invariable. 

2. From any point a straight line is drawn to meet a 
given plane in P. In OP a point Q is taken so that the rect- 
angle OP , OQ \& equal to a given constant &*, Find the 
locus of Q. 

3. From any point a straight line is drawn to meet a 
given sphere in P. In OP a point Q is taken so that the 
rectangle OP . OQ is equal to a given constant A:*, Find the 
locus of Q. 
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4. Shew that if through any point of a sphere a plane 
be drawn perpendicular to the straight line joining the 
centre with that point, the plane will only meet the sphere 
in that one point. 

6. AsjidB are two fixed points, P a point which moves 
so that PA is to PB in a constant ratio. Find the locus 
of P. 

6. ^ and B are two fixed points, P a point which moves 
so that the angle APB is a right angle. Find the locus 
of P. 

7. Find the surface generated by the line of intersection 
of two planes which pass each through a fixed straight line 
and are at right angles to each other. 

8. Shew that all the points of intersection of two spheres 
lie on a circle whose plane is perpendicular to the straight 
line joining the centres of the spheres. 

9. About three fixed points as centres, spheres are 
described having variable radii which are always in the same 
ratio to each other. Shew that they always intersect two 
and two on three fixed spheres, and that these three spheres 
have one circle common. 

.10. Prove that the planes of the three circles in which 
three spheres intersect each other two and two, all intersect in 
a straight line which is perpendicular to the plane containing 
the centres of the three spheres. 

11. Prove that the six planes of intersection of four 
spheres two and two have one point common to them all. 

12. Shew that if each of six equal spheres intersects all 
the rest but one, so that the radii at the line of intersection 
are inclined at 60**, the portion of space common to all will 
have eight solid angles coinciding with those of a cube whose 

1 

side is -t= of the diameter of the sphere. 

Vl8 ^ 

13. A straight line moves so that three given points of it 
lie respectively in three planes at right augles to each other. 

A. G. 4 
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Shew that a fourth point in the straight line, whose distances 
from the other three are respectively a, by c, traces out an 
ellipsoid. 

14, The two straight lines 



cos a sin a 

meet the axis of x in 0, 0\ and P, P are points on the two 
lines such that OT . OP = c'; shew that the surface traced 
out by the straight line FF is the hyperboloid 

a* c*cos^a c*sin*a^ * 
P, P being taken on the same side of the plane xy. 

15. Find the surface generated by a straight line which 
revolves round a fixed straight line which it does not meet. 

16. Find the surface which is the locus of the family of 
curves defined by the equations 

^+y + «* = ct* and ^* + ^'=nV-c*, 

where a is a variable parameter and c an absolute constant; 
and discuss its form for different values of w. 

17. A perpendicular PiV is let fall from a point P in a 
right cone on a plane through the vertex perpendicular to 
the axis, and a point P is taken in FN or FN produced 
such that FN , PN is constant. Find the locus of P. 



CHAPTER IV. 
tba:nsforiia.tiok of oo-obdinates, 

43. Many of the equations which we shall have occasion 
to employ will be much simplified by a proper choice of axes. 
It is necessary therefore to inyestigate the relations which 
hold between the co-ordinates of any point when referred to 
two different sets of axes. 

The simplest case is that in which the directions of the 
two sets of axes are identical, the origin only being different. 

Let Xy y, z be. the co-ordinates of P referred to the old set 

of axes; a?', y\ /, the co-ordinates of the same point referred 

to the new set. Let a, ^8, 7 be the co-ordinates of the new 

origin referred to the old axes. Then the distance of P fron> 

the old plane of yz is equal to the distance of P from the 

new plane of yz together with the distance between these 

two planes, or 

fl?= /p' + oc. 

Similarly y — j/-^^> 

2r=s/-t-7. 

These results will hold whether the axes be oblique or 
rectangular. 

44. To find the co-ordinates of a point P referred to one 
set of rectangular axes, m terms of the co-ordinates of the 
same point referred to another set of axes, also rectangular^ 
with the same origin. 

Let Oa?, Oy, Oz be the old axes ; Oaf, Ojfy Oz' the new. 
Let ic, y, ;gf be the co-ordinates of P referred to the old axes j 
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Xy y\ z the co-ordinates of the same point referred to the 
new axes. Let Z^, m^, w^ be the direction-cosines of Ox re- 




ferred to Oxy Oyy Oz\ Zg, m„ n^ those of Oy\ and \, m^, n^ 
those of Oz\ 

Through P draw PM parallel to Oz' to meet the plane. 
Oxy in M, and through M draw MN parallel to Oy' to meet 
O/in N. Then 0N= x, NM^ y\ MP = /. 

Also the projection of OP on Ox is a?. And the projec- 
tions of ONy NM, JifP on Oa; are Z^a?', lj/\ l^\ respectively, 
since l^^l^^ l^ are the cosines of the angles between Ox and 
ON^ NM and MPy respectively. But the projection of OP 
on any straight line is equal to the sum of the projections of 
ON, NM and MP on the same line. Hence 

Similarly by projecting on the lines Oy and Oz we get 

y == m^x + mj/ + m/y 

The nine quantities \y m^, w^, Z^, m^, w , Zg, mj, rig are not 
independent, but are connected by six relations. For since 
l^yin^y Ttj are the direction-cosines of Ox\ we have 

Similarly • l^ + m^ +n^==l, 
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Also the cosine of the angle between O^f and Oz is equal 
to Zjia + w^mg + n^ng; J^ut this angle being a right angle, its 
cosine is equal to zero ; 

.•. ZjZj + wi^m, + 71/^3 = 0. 
Similarly y^ + wijiw^ + njn,^ = 0, 

l}^ + m^m, + n{fb^ = 0. 
These relations may be replaced by the six equations 

l^ +?/ +?/ =1, 
m^ +m,* +m3* =1, 

m^Tij + m^Wj, + iTigTij = 0, 
n}^ +^j^a +^3^8 =0, 

These equations can be algebraically deduced from the 
previous set, but they can be more easily proved independ- 
ently thus : 

Zj, m-, Wj are the cosines of the angles between Qx' and 
Oa?, Oyi Oz\ Zj, m^, n, those of the angles between Oy' and 
Oa?, Oy, O2:; and Z3, m,, n^ of the angles between Oz' and Oa?, 
Oy, O-gr. Consequently Z , Z^, Z3 are the cosines of the angles 
between Ox and Oa?', Oy , 0/; m., m,, 77*3 those of the angles 
between Oy and Oo?', Oy', 0/; and ti^tIo, w^ those pf the angles 
between Oz and Ox\ Oj/ ^ Oz\ Consiaermg Ox^ Oy\ Oz as 
axes, and remembering that Oa?, Oy, Oz are mutually at right 
angles, we obtain the above formulae at once. 

45. The formulae given in the last Article are extremely 
useful, and from their symmetrical character are easy to re- 
member. They are liable to the objection that nine con- 
stants are introduced of which six are superfluous, and other 
formulsB have been proposed which employ only three con- 
stants. 

Let Oa?, Oy, Oz be the old axes ; Oa?', Oy\ Os! the new 
ones. Let the plane of xy* cut the plane of osy in 0^, and 
let a plane through Oz and Oz\ which is therefore by Emclid, 
XI. 18, perpendicular to the planes of xy and a!y\ cut these 
planes in vy^^ Oy.^^ respectively. ;; 
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Then since Oz is perpendicular to the plane of ay it is 
perpendicular to O^j, and since Oi^ is perpendicular to the 




plane of x'y\ it also is perpendicular to Ox^, Hence Ox^ is 
perpendicular to the lines Oz and Oz\ and is therefore per- 
pendicular to the plane in which they lie, and therefore 
perpendicular to Oy^, Oy,. Hence by Euclid, xi. Def, 6, the 
angle yfiy^ is the angle between the planes of xy and x'y\ 
Let this angle be cafied ^, and let the angle between Ox 
and Ox^ be called ^, and the angle between Ox^ and Ooi be 
called '^. 

Let Xy y, z be the co-ordinates of any point P referred to 
the axes Ox, Oy, Oz. Then if we take Ox^ Oy^, and Oz as 
axes, the ordinate z will be unaltered, and if a?^, y^ be the new 
co-ordinates parallel to Oa?^ Oy^, we have by the ordinary 
formidaB of transformation in plane co-ordinates, 

a? = a?j cos ^ — y^ sin ^, 
y ^ x^simp + y^ cos if}. 

Again, if we take Ox^, Oy^, Oz* as axes, the x^ will be un- 
altered, and if y^, z' be the new co-ordinates parallel to Oy,> 
Oz', we have 

y^ = y, cos ^ — /sin ^, 
z =y,sin^ + 0'cos^. 
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And lastly, taking Ox\ Oy\ Oz* as axes, the z* will be un- 
altered, and we get 

fl?j = X cos -^ — y sin '^, 

y^ i= a?' sin -^ + y' cos '^. 

And, making the substitutions for ^j, y^ y,* '^^ 8^* finally 
X = a?'.(cos ^ cos -^ — sin ^ sin '^ cos 0) 

— y (sin -^ cos ^ + cos ^ cos -^ sin ^) +/ sin ^ sin 6^ 

y =a?' (sin ^ cos -^ + cos ^ sin '^ cos 6) 

— y' (sin sin -^ — cos (^ cos -^ cos Sf) — / sin coa^, 

2r =a?' sin -^.sin 5 + y' cos -^ sin 5 + z cos A 

These are called Euler's Formulae. They are useful in 
discussing the nature of the sections of surfaces, but their 
unsymmetrical character renders them difficult to remember. 

46. If we wish to change both the origin and the direc- 
tion of the axes we have only to combine the formulae of 
Arts. 43 and 44. For changing the origin to a point whose 
co-ordinates are a, ^, 7, and keeping the direction of the axes 
unchanged, we get a? = aj^ 4- a, y = yi + A -2^ = f 1 + 7- And 
then changing the directions of the axes we get 

or ^ = l^x -hl^ + 1^ +0U 
Similarly y = m^x'+ mj/' + wi^' + ^, 

jS: = 71^0?' -t- Tiy + Wj/ + 7. 

47. The formulae for transformation of co-ordmates in 
Art. 44 hold also when the axes are oblique if Z^, m^, n^ denote 
the directimv-ratios of the new axis of x with respect to the 
old axes. The six relations which hold between the nine 
constants involved, which can be obtained from Art 13, are 
in general very cumbrous. 

48. A proof exactly similar to that given in Todhunter's 
Cimio Sections^ Art 87, will shew that the degree of any ex- 
pression involving x, y, z is unaltered by transformation of 
co-ordinates. 
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49. The following proposition is useful in many ques- 
tions of transformation of co-ordinates* 

The condition that the expression 

Aa?-\'Bf-¥Gs!''^2A'yz-\-2FzX'\'Way (1) 

should be the product of two linear expressions in a?, y, Zy is 

ABC + 2^'5'C' - AA'^ ^ BB^ - CC^ = 0, 
For if one of the factors be 

Xa?+/xy + i/^ (2), 

it is evident, by considering the coeflScients of a?, ^ and ^ in 
(1), that the other factor must be 

_^ + _y + _^ (3)- 

Multiplying (2) by (3) and equating the coeflScients of yz^ 
zx and xy in the product, to those of the same terms in (1) 
we. have 

(7 -+4^ = 25', 

A^+B- = 2G', 

whence by multiplication we get 

SA'F0' = 2ABC+A (b'-, + C*^ + B (c^+A*^^ 

= 2ABC+ A {^A"* - 2BG) + B(iB^ - 2CA) + G (40'» - 2AB), 
or transposing and dividing by 4, 

2A'B'G' + ABG - A A" - BE* - GG" = 0. 

The expession 2A'B'G' + ABG - AA" - BB^ - GG'^ is 
called tiie discriminant of the expression (1). 
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60. It is evident that in any transformation of co-ordi- 
nates from one set of axes to another, the origin being un- 
changed, the expression a^ + j/^+ji^ will be transformed into 
af* + i/* + :^ if both sets of axed be rectangular; or the ex- 
pression 

a^^ + y* + ^ + 2y2r cos X + 2zx co8fi + %sy cos v 

will be transformed into 

a;'» + y^ 4- «'« 4- 2i/zco&\' + 2/aj'cos fi + 2xy cos v 

if the axes are obliquQ, the expressions in each case repre- 
senting the square of the distance of the point whose co- 
ordinates are considered, from the common origin. 

Thus if the axes are rectangular, and the expression 

Aa? + Bif + G:s!' + 2A'yz + 2Fzx+2C'xy (1) 

become by transformation 

we shall have also the expression 

Aa? + Bj/'+Cz' + 2A'yz + 2Rzx + 2C'an/-\{a? + y''{'j^...{5), 

where X is any constant, transformed into 

Pa?''+Qy''+iJ^+2P'j^/+20'/a?'+2ira?y-\(aj'»+2^+O • (4). 

But if, for any values of X the expression (3) be the pro- 
duct of two linear expressions in x, y, z, the expression (4) 
must, for the same valves of X, be the product of the two 
expressions in a?', i/, / into which the former two would be 
reduced by the transformation. Hence the discriminant of 
(3) is identical with that of (4), or the two equations 

(^-X)(£^X)((7-X)-il'»(^-X)-jr(5-X)-(7'"(a-X) 

+ 2A'FC'^0 (5), 

(P-X)(Q-X)(iJ^X)-P^(P-X)-(r(Q^X)-i2'«(JR~X) 

+ 2P'(2'i2' = (6), 

are identical, and satisfied by the same values of X. Thus 
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the coefficients of the different powers of X in these equations 
must be equal, and we have 

^ + 5 + C = P+Q + i2, 

= Qi2 + i2P + P(2-P'"-(7"-i2'', \ (7). 
ABC + 2A'FG' - AA'^ - BE^ ~ CG'^ 

=PQR + 2FQ'R - PP^-- QQ^ - BIT 

The expressions on the left-hand side of the equations 
(7) are called invariants of the expression (1). 

51. As a particular case of the foregoing, let us suppose 
if possible, as it will be proved to be hereafter, that the ex- 
pression (1) is transformed into an expression of the form 

The equation (6) then becomes 

(P-X)(G-X)(i2-\)=:0, 

and the roots of this equation are P, Q, jB, the coefficients of 
i»'^ y'*, «'* in the transformed expression. These coefficients 
are therefore the roots of the equation (5) with which (6) is 
identical, name.ly, 

Another proof of this result will be given hereafter (Art. 86). 



EXAMPLES, CHAPTER IV. 

1. The co-ordinates of a point are (1, 2, 3). Find its co- 
ordinates relative to dow axes whose equations are x^y^z\ 
2a? = — y = 2«; «? = — «, y = 0. 

2. Transform the expression xy-hyz + zx to the new 
axes in. the last question.: 
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3. Shew that a?+^ + «* + yz + zx + xy can be reduced 
by transformation of co-ordinates to the form 

4. From the formute in Art. 44 prove that 

5. Find the values of P, Q, R when the expression 

s? +^ + s? — 4a?y — 4iyz — ^zx 
is transformed into the form P^'* + Q^* + Rsf\ 

6. Shew that if the expression 

4a? + Py* + C£''{-^A'yz + 2Szx + 2(7'a;y 

be transformed into Px'^ -k- Qy'^ •\- Rz^ where the first axes 
are inclined at angles \ /t, v, and the new axes are 
rectangular, P, Q, P will be the values of k given by the 
cubic equation 

(4-&)(P-i)(a-A:)-(-4'-ftcos\)«(4-^) 

-(P'^icos/t)»(P-A;)-(0'-A:cosi/)*((7-Jfc) 

+ 2 (^'-A: cosX) (P' -4 cos/ii) (C- A; cos y) = 0. 

7. Prove that the equation 

represents a cone of revolution round the line 

x^y-z, 

whose semi-vertical angle is cot'^ ^/2• 



CHAPTER V. 



ON GENERATINa LINES AND SECTIONS OP QUADRICS, 



52. We have seen (Arts. 34, 35) that the cone and 
cylinder admijb of being generated by the motion of a 
straight line. This is also the case with the hyperboloid 
of one sheet and with the hyperbolic paraboloid, but not 
with any other surfaces whose equations are of the second 
degree in a?, y, z. 

Surfaces whose equations are of the second degree in 
(xy y, z) are called Quadrics, or, following the analogy of the 
terms ellipsoid, &c., Conicoids. 

53. On the generating lines of the hyperboloid of one 
sheet. 



The equation of the hyperboloid of one sheet is 

1, 






or 



(1). 



This equation is satisfied by all values of a?, y, z which 
satisfy either of the pairs of equations 



or 



a fJL\ bj J 
a c fi\ 6/ J 



(2). 



(3). 
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whatever be the value of /a. Each of these pairs represents a 
straight line. There are thus two systems of straight lines 
lying wholly on the surface. We shall first prove that all 
the straight lines Of one system intersect all the straight 
lines of Sie other ; and secondly^ that no two lines of the 
same system intersect one another. 

54. The equatipns of any two straight lines of opposite 
systems are 

fi+i^l(i+y) 

'a c /*\ by 

a '^K b) . 2j^ 

a G fi\ bj 

And if the straight lines represented by these equations 
meet, these four equations must be satisfied by the same 
values of x, j/, z. But the four equations are all satisfied 
if we take 



5-rK'-f) 

a c fi\ 



< 



and/(l + |) = ^(l-f) 



(3). 



From which we obtain 

y^fmi ?=:?L±j^ g_ i-/x/A ' ,.v 

b fJi''\-fi' ^ /* + /*'' c /* + /*' 

Hence any two generating lines of opposite systems meet 
in a point. 

Conversely, through any point of a hyperboloid of one 
sheet two straight lines can be drawn lying wholly on the 
surface. For if we assume the co-ordinates of the point to 
be Xy y, z; from equations (3) we can determine jm and fju', 



62 ON GENERATING LINES . - , 

and therefore the equations of the two generating lines 
through the point in question, 

55. Secondly, no two lines of the same system intersect. 
For let their equations be 

a c fi\ bj J 

M=4-l) 

From the first and third we get by subtraction, 

therefore fi = fiy or y = b. 

From the second and fourth we get by subtraction, 

e-?)('-f)=«' 

/. ;t = /x', or y — '-h 

Hence since we cannot have y equal both to 6 and — & we 
must have /it = fi\ or the lines must coincide. Therefore no 
two lines of the same system intersect. 

66, The equation of the Hyperbolic paraboloid is 

I V ^' 

which will be satisfied by all values of x, y, 5, which satisfy 
either of the pairs of equations 

y ^ 
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or -^ — = = - 



>^ 



y ^ 

Hence in this case also there axe two systems of straight 
lines lying wholly on the surface. A proof similar to that of 
the last two articles will shew that all the straight lines of 
one system intersect all those of the other, and that no two 
straight lines of the same system intersect one another. 

It may be noticed that from the form of the second equa- 
tion in each set, it follows that all the lines of each system 
are parallel to a fixed plane. 

57. We have shewn in the preceding articles that the 
hyperboloid of one sheet and the hyperbolic paraboloid ad- 
mit of rectilinear generators ; we shall now shew that these 
are the only surfaces among those which we have considered, 
besides the cone and cylinder, with which this is the case. 

Let us first take the equation 

Aa? + Bf-^C2!'=1 (1), 

which includes the ellipsoid and the two hyperboloids ; and 
if possible let the line whose equations are 

-y- = ^— ^ = -^r (2), 

lie wholly on the surface (1). 

From (2), 

fl3 = a + ?r, y—fi + mr, z^y + nr; 

and if the straight line (2) lies wholly on (1) the equation 

must be satisfied for all values of r. 

The conditions for this are 

Aa'+ i?/3» + Cy = 1 (3), 

Ala + Bmff+Gny==0 (4), 

AP +Bm^+ W^-O (6). 

The first of these equations merely expresses the condi- 
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tion that .the point (a, /8, 7) may lie x)n the surface. The 
second and third are the conditions which 2, m, n must 
satisfy. They will in general give two values for the ratios 
{ : m : n. It remains to examme whether these values are 
real or not. 

From (4) we have 

^ AlcL + Bmfi 

7 

Substituting in (5) we get 

CAPr/ + CBmy + {Ala + Bm^f = 0, 

which is a quadratic in — . 

The roots of this quadratic will be possible or impossible 
according as 

[ACrf + ^V) (50/ + B!"^) < or > A^B'a^P\ 

or as ABCy + A^BOaV + BUC^y^ < or > 0, 

oras ^J5(77»(4a* + 5/y + O/)<or>0, 

or as ABG<OT>0, 

Hence that the generating lines may be real we must 
have ABG a negative quantity ; thus one or three of the 
quantities A, 5, G must be negative. If they are all three 
negative, the surface is impossible, so that the only possible 
surface is the hyperboloid of one sheet in which one is nega- 
tive. In this case we may take 

and the equations which determine the directions of the 
generating lines are 

58. It may be noticed that since for either of the gene- 
rating lines we have 

Ah + Bmfi + Cny=^0, 
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and for any point in either line we have 

a?— g __y — )8^2r — 7 
I m n * 

we must also have the equation 

satisfied for any point in either of the straight lines through 
the point (a, fi, 7). But this is the equation of a plane : 
it is therefore the equation of the plane containing the two 
straight lines. 

The equation can be written 

and it may be noticed that whether the lines themselves be 
real or not, this plane is a real plane. We shall prove here- 
after that it is the tangent plane to the surface at any point 

(a, A 7). 

59. The equation of the projection of either line on the 
plane of ^ is 

or y = ja? + ^-ja (1), 

the values of -y- being deduced from the quadratic equation 

t 

given in Art. 57. 

AP(Cr/ + Ao?)+2AB2film + Bm'{Cy^ + B,8') = 0, 
or AP{l-Bj3') + 2ABoij3lm + Bm'{l''Aa')=0; 
.\ AP + Bm^ = AB {W - ma)\ 
Hence the equation (1) can be written 



m / 1 , 1 w? 



which is a well-known form of the equation of tha tangent 
to the curve 

Aal' + By^^l. 

A. a. 5 
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But this curve is the ellipse in which the given surface is 
cut by the plane of xy. Hence the projections of the gene- 
rating lines on the plane of xy are tangents to the curve in 
which the surface is cut by that plane. 

The same is true for the planes of yz and zx. 

60. The equations of the two paraboloids are both in- 
cluded in the equation 

Bf+Cl^-:^W (1), 

The conditions that a straight Hne 

x^(x_y^p_z-'y 
I " m " n ^^^' 

should lie wholly on the surface (1) are found by a process 
similar to that of Art. 57 to be 

5/3*+(V = a (3), 

-Bm* + Cw' = 0..... (4), 

2Bml3 + 20ny-l = (5). . 

The first equation indicates that the point (a, yS, 7) lies 
on the surface (1). The second and third give the values 
of the ratios I : m :n. These values will be real if B and C 
have opposite signs, so that the surface must be the hyper- 
bolic paraboloid. 

61. The equation of the projection of one of the gene- 
rating lines on the plane of xy is 

y=y«+(^— ^aj (6). 

But from (5) 

{2Bm^-iy^iG'ny 

= - 4iBCyW from (4) ; 
.-. 4JSm«(5/9«^-ay)~45?m/3 + P = 0; 
/. iEm\ - 4iBlmfi + P = from (3) ; 

r. 70 IP 

or fp-m2 = -rT>' - • 

4tB m 
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And the equation (6) becomes 

m 11 

a well-known form of the equation of the tangent to the 
curve By^^x. 

Hence the projection of the generating line on the plane of 
a;y is a tangent to the curve in which that plane is cut by the 
surface. A similar proof holds for the projection on the plane 
oli zx. 

The equation of the projection on the plane of yz is 

But Sm' + Cn'^O; .•.^^i./TJ, 

n \ n 

and the equation (7) becomes 

H^nce the projections of the generating lines on the 
plane of yz are parallel to the two straight lines in which 
the surface is cut by that plane. 

62. The sections of the ellipsoid 

T+C+~,=i (1), 

made by planes parallel to either of the co-ordinate planes 
are ellipses. For taking the equation of a plane parallel to 
that of xy to be 

* = 7 (2). 

we get for the points where this meets (1) 

5—2 
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This is the equation of the projection of the curve of 
section on the plane of ayy. But since the cutting plane is 
parallel to the plane of a?y, the projection of the curve of 
section on that plane is equal and similar to the curve itseK. 
Hence this curve is an ellipse. And it may be noticed that 

this ellipse is always similar to the ellipse -2 + ^ = 1, in 

which the surface is cut by the plane of xy. 

In a similar manner the sections by planes parallel to the 
other co-ordinate planes may be shewn to be ellipses. 

The sections of the hyperboloid of one sheet 

by planes parallel to that of ay are ellipses, and those by 
planes parallel to the planes of yz or zx are hyperbolas. 

The sections of the hyperboloid of two sheets 

by planes parallel to those of zx or xy are hyperbolas, and 
by planes parallel to that of yz are ellipses, which are im- 
possible if the value of x for points in the cutting plane is 
numerically less than a. 

The sections of the two paraboloids 



f 

I 


+ 


I' 


f 




z' 



I '^ V ^^' 

by planes parallel to those of zx or xy are parabolas whose 
latera recta are t and I respectively. 

Their sections by planes parallel to that of yz are re- 
spectively ellipses and hyperbolas, the former bein^^ impos- 
sible when the cutting plane is to the left of the origin. 

To find the nature of the sections of these surfaces by 
planes not parallel to the co-ordinate planes it is no longer 
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sufficient to find the equations of the projections of the curve 
of section on the co-ordinate planes, since the projection will 
not in general be similar to the curve itself. The simplest 
method is to transform the co-ordinates so that the plane 
of xy shall be parallel to the cutting plane, and then the 
nature of the section will be given as above by its projection 
on the plane of xy. For this transformation the formulae 
of Art. 45 are very useful. We may in general avoid the 
third substitution, and since we wish to find merely the nature 
of the sections by planes parallel to that of xy , which we 
shall prove in the next article to be always similar to the 
section by the plane of x'y' itself, we may before substitu- 
tion put / = 0. The required substitutions will then be 
derived from the formulas in Art. 45 by putting -^ = and 
«' = 0. We thus get 

do^x' cos — y' cos ^sin ^, 

y ^ of sin <l}'{-y' cos cos ^, 

z=y' sind. 

If the equation of the cutting plane be given in the form 

Ix + 'my + nz =jp, we have tan ^ = , and cos ^ = n. The 

abov^ substitutions then become 

where we assume that P H- m' + w' = 1. 

63. We shall first prove the following general propo- 
sition. 

AU sections of surfaces of the second order made by 
parallel planes are similar and similarly situated. 

Take the plane of xy parallel to the system of cutting 
planes. The equation of the surface can be put into the form 

Aa? + By" + Cfe' + 2A'yz + 2Rzx -h 2 Cxy 

+ 2A''x + 2F'y + 2C'z + F^0 (1). 

The curve in which this is cut by the plane 

*=7 (2). 
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is given by the equation 

And whatever be the value of 7 this curve is always 
similar and similarly situated to the curve 

Aa? + Bif^+2C'xy + 2A"x'^2B'y + F=0, 

in which the surface is cut by the plane of xy. 

Hence in discussing the form of the sections of surfaces 
by a series of planes, we need only consider planes through 
the origin. 

This method wiU not fail even if the curve of section by 
a plane through the origin become impossible, since the 
terms of the second degree in the equation of this curve are 
the same as in the equations of the possible curves formed 
by the intersection of parallel planes with the surface. 

64. We shall consider first the equation 

Aa?'{-Bf+Cz^=^l, 

which includes the three central surfaces. 

Making the substitutions suggested in Art. 62, we get as 
the equation of the. curve of section 

x^ (A cos* <!>+£ sin* ^) + 2x'i/ (B — A) cos ^ sin <f>co&0 

+ 2/" {A cos*d sin* ^ + 5 cos*d cos* + C sin'^) = 1. 

And the section will therefore be an ellipse or hyperbola 
according as 

{B - Ay cos*d cos* <f> sin* ^ 

- {A cos*^ + B sin*<^) {A cos*^ sin*^ + B cos*^ cos*^ + Cmi*0) 

is negative or positive. This expression can be reduced to 
the form 

- {BO&m'd sin*^ + CA sin* cos*^ +^5cos*d}. 

In the case of the ellipsoid A, B and (7 are all positive, 
and this expression is therefore always negative. All sec- 
tions of the ellipsoid are therefore ellipses. The investigation 
of the nature, of the. sections in the other surfaces is long and 



AND SECTIONS OF QUADMCS. 71 

the results uninteresting, except in the particular case in 
which the section becomes a circle. 

The conditions that this may be the case are, that the co- 
efficient of a?y should vanish and the coefficients of oi^ and y^ 
should be equal. We have therefore 

( J5 — -4 ) cos d sin ^ cos ^ = 0, 

A cos^<f> + B siD?<f> = A cos'd sin'^ + B cos'^ cos^^ + sin*^. 

From the first equation we must have either B=A,m 
which case it is abready obvious that all sections parallel lo 
the plane of xy are circles, or 

cos d . sin ^ . cos ^ == 0. 

If cos ^ = 0, we have = 90^ and the second equation gives 

-4co8"^ + J5sin'^=(7= C(cos*^ + sin»^) ; 

.•. tan 9 = j^_Q f 

and if the values of tan ^ be real, we get circular sections by 
two planes through the axis of z. 

If we take cos <^ = ; we have <f> = 90*, or the plane 
passes through the axis of y, and the second condition gives 

j5 = ^cos'^+Osin"^; 

^-5 



and therefore tan' d = 



B-C 



and if the values of tan be real, we get circular sections by 
planes through the axis of y. 

Similarly from the condition sin<^=0, we get circular 
sections by planes through the axis of x inclined to the 
plane of xy at angles given by the equation 

. ,. A^B 
tan c/=syy — J . 

In all cases the circular sections are made by planes 
passing through one of the axes. It only remains to examine 
in what cases they are real. 
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Oolj one of the three quantities 

C^A A'-B A^-B 

can be positive, consequently there are only two real central 
circular sections, and they pass through the axis of Zy y or x^ 
according as the first, secon<^ or third of these expressions is 
positive. 

(1) In the ellipsoid A, J?, C are all positive, and if we 
take them in order of magnitude, the second of the above 
expressions is positive. Consequently the central circular 
sections of an ellipsoid are made by planes through the m&m 
axis. 

(2) In the hyperboloid of one sheet C is n^ative, and 
if we suppose J. > £, it is again the second of the above ex- 
pressions that is positive, and the circular section is made by 
a plane through the greater real axis, siAce 

A--,, Jf-^„ 
and A being > jB, a < 6. 

(3) In the hyperboloid of two sheets, B and C are 
negative, and if we suppose B numerically greater than (7, 
or b<c, B'-G will be negative, the first of the above ex- 
pressions is positive, and the circular section is made by a 
plane through the greater impossible axis. 

65. We have shewn in the last article that the only 
planes which give circular sections of central quadrics are 
certain planes through one of the axes. It is easy to shew 
without transformation that these planes do give circular 
sections. 

Thus the equation of the ellipsoid can be written in the 
form 

or 
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wliich shews that either of the planes 

~V6V=^--Va^^^^=0 (1), 

or ?VJrr? + ?V^Z6« = o (2), 

cuts the ellipsoid in the same points in which it cuts the 
sphere 

aj*+2/» + ^' = 6». 

But every plane section of a sphere is a circle. Hence 
the planes (1) and (2) and consequently by Art. 63 all planes 
parallel to them cut the ellipsoid in circles. 

The circular sections of the hyparboloids of one and two 
sheets can be deduced in a similar manner, 

66. The two paraboloids are included in the equation 

Making the same substitutions as in Art. 64 we obtain 
for the-equation of the curve of intersection, 

B sin' <f>x'^ + 2jB sin ^ cos ^ cos ^ x^/ 

+ y {B q6^ 9 cos* ^ + Csin*^ — x cos ^ — y' cos B sin ^, 

which will represent an ellipse, parabola, or hyperbola, ac- 
cording' as 

.B" sin"<^ <^*<^ cos*^ - JB sin"^ [B cos'5 cos'^ + C sin'^) 

is negative, zero, or positive. That is, according as 

-BOsin'^sin^e 

is positive, zero, or negative. 

The sections of both paraboloids are therefore parabolas 
if or d vanish, that is, if the cutting plane pass through the 
axis of X or coincide with the plane of xy. In all other 
cases the sections of the elliptic paraboloid are ellipses, and 
of the hyperbolic paraboloid, hyperbolas. 
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The conditions that the section may be a cirde are 

£ sin ^ cos ^ cos d = 0, 

B sin> = B cos*^ cos'tf + C sin'B. 
From the first equation 

sin^=0, cos^ = 0, or cos 5 = 0* 

If sin ^ = 0, the coefficient of a?'* vanishes, and the section 
reduces to a straight line or ^arabola^ 

If cos ^=0, we have from the second equation 5 =(7 sin' 5, 
and if B and C are of the same sign and B<C this gives 

two possible values of 0, If cos 5 = 0, we get sin'^ = -^ , and 

this gives two possible values of ^ if < 5, and B and C have 
the same sign. Thus we get real circular sections of the 
elliptic paraboloid passing through the axis of y ox z, accord- 
ing as 5 < or > (7, that is as Z > or < V. 

If B and C have opposite signs, there are no real circular 
sections. 

67. The equation of the elliptic paraboloid can be put 
into the form 



or — 



+ 2/* + ^ ■ / /a 1 <^\ f /l 1 . «^ 



Thus each of the planes 



y 



I t "y/ v 



and therefore all planes parallel to them will cut the surface 
in circles. These planes are real if?>Z. Ki'<iwe can 
shew similarly that the planes 



J 
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cut the surface in circles. 

68. We shall conclude this chapter with the investiga- 
tion of the position and magnitude of the axes of the section 
of an ellipsoid by a plane through its centre. 

^' $ + F + 7 = i (^) 

be the equation of the ellipsoid, 

Ix + my + nz^O (2) 

the equation of the Cutting plane. 

Let ^ = y=?=^..,;.; (3) ■ 

be the equations of any straight line in the plane (2), and let 
r be the distance from the origin of the point where it meets 
the ellipsoid ; therefore 

and tK + mfjL + np = (5), 

dince the line (3) lies in the plane (2). 

ft 

Also if r be the length of one of the semiaxes of the 
section of (1) by (2), we must have r a maximum or mini- 
mum by the variation of \, fi, p, wliich are connected by the 
relation (5) and also by the relation 

X^ + At'+z/'-l (6). 

Dififerentiating (4) we get when r is a maximum or mini- 
mum 

^ ^ XdX fidfM ifdv 

a . c' 
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And from (5) and (6) respectively, 

= ld\ H- mdfi + ndv, 

— XdtX + /wi/ir + vdv. 
Whence by indetenninate multipliers, 

\ + kl + k'\^0 (7). 

^+Am-f A?>»=0 (8), 

^ + A7i + A?V = (9). 

. c 

Multiplying (7) by \ (8) by fi^ (9) by y, and adding, we 
get 

^ + A;' = 0, 
and therefore 



And therefore from (5), 

jv_ ^5^ _^ ^ 

which is a quadratic equation and gives two values of r\ 

The product of these two values 

o'6V 

and the area of the section is therefore 
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The directions of the two axes may be obtained by elimi- 
nating k and if from equations (7), (8) and (9); we then get 



a' 

V 

c 



-0, 



which united with (5) and (6) gives two sets of v^alues of 

\ fl, V. 

The expression for the area of a section of an ellipsoid by 
a plane not passing through the centre will be given in a 
future article. (Art. 79.) 
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1. Shew that the two generating lines of the surface 

drawn through a point for which 5? = ± c a/ -^ a are at 

right angles to each other. 

2. Shew that all the points on the surface 

for which the generating lines are inclined at an angle a, lie 
in one or other of two fixed planes. 

3. Find the angle between the two generating lines of 
the surface 



at the point a, fi, y. 
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4. If the surface 

(a;» + y» + ^)*«aV + 6y + cV 

be cut by a central circular section of the ellipsoid 

of »"«•_, 

the sum of the squares on any two perpendicular radii vec- 
tores of the curve of section is constant. 

5. Tlie equation of a surface can be put into the form 
a3' + y* + «*+ (^a? + my + w^— ^) (raj + m'y + w'-?— y) =0, 

find the planes which give circular sections. 

6. Prove that the sections of the surface 

by planes parallel to a? + y + « =« 0, are circles. 

7. If the two generators drawn from a point on the 
surface 

intersect the principal ellipse in points P, F at the ends of 
conjugate diameters, then will 

* 

8. Find the circular sections of the surface 

9. Prove that if the section of the surface 

a c* 
by the plane he + my + n« = be a rectangular hyperbola, 

1.1 1a 

la mo no 
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10. The angle between the generating lines of 

— H-V + — = 1 at the point (a?, y, z) is cos * r-* — r^, 
where \, and \ are the two roots of 

a(a + \)"*"&.(6 + \)"^c(c + X)" ' 

11. Prove that the foci of all centric sections of the 
surface 

CM5*4- Jiy* + ci;* = l 

lie on the surface 
(a^+^«+a*)(l-ax»-62/"-c^{a(c-5)y«*+5(a-c)Vic»+c(6-a)Vy*} 
^(aa^+ by'+ cz") {{c - h)yz^+{a - c)V^-|-(6 - a) Vy"}. 

12. Find the equation of a right circular cylinder whose 
axis is the line 

a y ^z 

I m n' 
and whose radius is a. 

13. Find the condition that the cone 

Aa!" + By^ + C^' + ^Alyz + 'iBzx + 2 Oxy « 
may have three generating lines mutually at right angles. 

14. Find the equation of the right cone which has a 
centric circular section of the ellipsoid 

a 6 c 
for its base and its altitude equal to 6. 

15. Find the equation of a right circular cone referred to 
rectangular axes, having its vertex at the origin, and meeting 
each of the co-ordinate planes in one line only. 

16. Find the equation of a right circular cone whose 
axis is the line -j = ^ » - , and semi- vertical angle a. 

17. Find the equation of a right circular cone which 
contains three given straight lines passing through the 
origin. 
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18. Find the locus of the points at which the two gdne- 
rating lines of the surface 

are at right angles. 

19. If a plane be drawn through the straight line 

X _y z 
I m n* 

the two other straight lines in which it cuts the cone 

will be at right angles to each other. 

20. Shew that any point on the hyperboloid of on© sheet 
may be represented by the equations 

«? = acos (f) sec^, 

y = 6 sin ^ sec 0, 

z — c tantf; 

and find the equations of the generating lines through that 
point. 

21. Shew that if the two generating lines at any point of 
the surface 

«* + »' g'_-i 

be at right angles respectively to those of opposite systems 
through a second point, the two points are either in a plane 
through the axis of z or equally distant from the plane of ccy^ 

22. If two planes be drawn passing respectively through 
two generating lines of the same system at the extremities of 
the major axis of the principal elliptic section of a hyperboloid 
of one sheet and intersecting in any third generating line, the 
traces of these planes on either of two fixed planes will be at 
right angles. 

23. If a=0, )8=0, 7=0, 8=0 be the equations of the four 
faces of a tetrahedron expressed as in Art. 26, the equation 
of a hyperboloid of one sheet passing through two opposite 
edges is 

Fafi + QyS + MSoL + Sfiy^^O. 
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69. It will be useful to commence the chapter with the 
following definitions. 

1. The centre of a surface is a point such that all chords 
passing through it are bisected by it 

2. The locus of the middle points of a si/stem of parallel 
chords of a surface is called the diametral surface of the 
system. 

We shall shew that if the original surface be a quadric, 
the diametral surface of any system of parallel chords is a 
plane. In this case we shall require the following definition. 

3. A principal plane of a quadric is a plane perpen- 
dicular to the chords which it bisects. 

We shall shew hereafter that such a plane can always be 
found. 

70. If a quadric have a centre and be referred to a 
system, of axes with the centre cw origin^ the equation will not 
contain any terms of the first degree. 

For the general equation of the second degree is 

Aa?-{- By''+ Cs^ + 2A'yz + 2Bzx + 2ffxy 

-h2A"w + 2B"y + 2Cr'z + F=0 (1). 

Then if a?^, y^, z^ be the co-ordinates of any point on the 
surface, —x^, —y^, —z^ must also satisfy the equation (1), 
since the origin is the centre. Hence we have 

A.G. 6 
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+ 2A'\+ 2B"y,+ 2a'z^+F= 0, 

Aa!*+By^'+Cz*+2A'y^z^+2B\x,+ 2Cx^^ 

- 2A"x,- 2B"y,- 2C\+ F= 0. 

Subtracting we obtain 

i(A\ + B"y, + C"z;}^0 (2). 

-* • 

This equation must be satisfied for all values of ^j, y^, z^ 
consistent with (1). But unless -4" = 0, jB" = 0, C" = 0, equa- 
tion (2) can only be satisfied by the co-ordinates of points 
lying in the plane 

Consequently we must have 

or the equation (1) does not involve the first powers of 
^, y> z. 

Conversely, if the equation of a quadric do not involve 
the first powers of a?, y, z, the origin is the centre of the sur- 
face. Jtforeover, if the equation can be put in the form 

Aaf^B^^-^^Gs^^F (3), 

the axes being rectangular, the co-ordinate planes will be 
principal planes. For li x^^y^^ z^ satisfy the equation (3), so 
do — a?j, y^, z . Hence the plane of yz bisects all ordinates 
parallel to tne axis of x^ and similarly for the other co- 
ordinate planes. 

Conversely, if each co-ordinate plane bisect all chords 
parallel to the corresponding axis the equation must assume 
the above form. 

71. To find the locus of the middle points of a system of 
parallel chords drawn in an ellipsoid. 

Let the equation of the ellipsoid be 



BIAMETBAL PLANES. 83 

and let the equations of any one of the system of parallel 
chords be 

<c^^t^^z-2^r (2), 

where l, m, n are direction-cosines. 

To find the points where (2) meets (1) we have 

(a + lry {fi + mry jy + nrY __ ' 
a« "^ 6* ■*■ c» " ' 



orr* 



/P wi" n'X « fh m0 ni\ a^ $^ r/ 



This equation gives two_values otr. which are the distaiices/^ 
from the point (a, )8, 7) dj|fEEe two points where the straight line 
(2) cuts the ellipsoid if (a, /8, 7) be the middle point of the 
chord these two values must be equal, and opposite in sign; the 
coefficient of r in the equation (3) must therefore vanish, or 

Hence {a, fi, y) always lies in the plane 

i^ + ^ + ^^O (4), 

which is therefore the equation of the locus of the middle 
points of the system of chords. 

72. If co^f y^, z^he the co-ordinates of the point in which 

OS tj JZ 

the line y = ^ = - meets the ellipsoid, that is, the co-ordi- 
b m n 

nates of the extremity of the diameter drawn parallel to the 

system of parallel chords, we have 

?i = ^ = ?i, 
I m n' 

and the equation (4) of the last article may be written 



^1^ . M i^ V_^ 

6—2 



«+^ + ^ = (1). 
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Also if /Tj, y y z^ be the co-ordinates of any point in the 
curve in which this plane cuts the ellipsoid, we have 

which shews that the point (a?j, y^, z^ lies in the plane 
which bisects all chords parallel to the diameter through 

The planes which bisect chords parallel to the two diame- 
ters through (a?j, y,, z^, {x^, y^, z^ will intersect in a straight 
line. Let the co-ordinates of the point where this line meets 
the ellipsoid be ^Pj, y^j z^. Then since (^3, y^, z^ lies in the 
plane which bisects chords parallel to the diameter through 

K' Vv ^1) ^® ^^"^^ 

a b c > 

and since it lies in the plane which bisects chords parallel to 
the diameter through {x^, y^, zj, we have 

a c 

These last equations shew that (x , y^, z^), {x^, y^, z^ both 
lie in the plane which bisects all chords parallel to the diame- 
ter through (ajg, 3^3, 2^3). 

Hence the three diameters have this property, that the 
plane through any two of them bisects chords parallel to the 
third. 

The three diameters are called conjugate diameters. 

73. The equation of the ellipsoid when referred to a sys- 
tem of three conjugate diameters as axes assumes the form 

222 

a'^^b'^^c'* ' 

where a', V, c' are the lengths of the conjugate semi-diameters. 

For the equation must be of the second degree by Art. 48, 
and since each co-ordinate plane bisects chords parallel to 
the corresponding axis, by Art. 70 the equation must assume 
the form 

Aa^'+'By' + Cjf^F. 
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When the axis of x meets the surface we have 

X=^a\ y = 0, ;8r=0, 

F 



a.n(l -therefore 




-"-A- 


Similarly 


■ 


" B' 

C -Q. 


And the equation 


becoTTiea 


^ 

y 


0? 

a" 


+ ^ 4- — 1 



74. The co-ordinates of the extremities of three conju- 
gate diameters are connected by the relations 



H + U + K-i^o 

a 
a; 



2 . J2 
2 



a c 



«'4. + .M.. + !4.=0 



(1). 



a 






c 

^ . M14.V1 
„. + ji 1- jj. 



= X 



a' "^ 6' 






.(2). 



Squaring all these equations, and adding twice the squares 
of the second three to the squares of the first three, we get 
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Expanding, and rearranging the terms we get 

\bc be he ) \ca ca caj \ab ab ab J 
Whence sp^+a)* + x^ = a^\ 

y.*+y,' + y; = 67 (3)> 

z^x^ + z^^ + z^x^^^Ol (4). 

This transformation can be easily seen to be equivalent to 

that effected in Art. 4i, using: — for L, and so on. And the 

*=> a ^ 

method of that article may be employed to deduce (3) and 

(4) from (1) and (2). 

Similar relations exist between the direction-cosines of 
the normals to the three planes, each of which bisects chords 
parallel to the intersection of the other two. For if l^, m^, n^ 
be the direction-cosines of the normal to the plane bisecting 
chords parallel to the line 

(X) _y _ z 

we have jl = — i =: J 

fi ^ it 
a* h" (? 

oL bm^ _ cn^ 

^ Ix zx 
a b c 

and similar relations for l^, m„ n^. Whence equations (2) 
easily give 

a*ZjZ, + b^m^m^ H- c\n^ — 

a*i,Z3 + 6X^8 + ^^^8 = 0^ (^)' 
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and obviously also 

Z/ + m,«+< = ll (6). 

75. From equations (3) of the last article we obtain by 
addition 

a'» + 6'» + c'« = a" + 6^+c' (1), 

where a\ i', c' are the lengths of the conjugate semi-diameters. 

Let X, /A, V be the angles between (&', c'), (c', a') and 
(a', 6'), respectively. 

Then since the direction-cosines of a' referred to the prin- 
cipal axes of the ellipsoid are -7 , ^ , -/ , and similarly for 
those of Vy c\ we have, by Art. (8), 

sm A* — W^c'^ ' 

.-. ft^c" sin' X * (y^^, - y^J" -h (^^a?, - 2:3a?jj)* + {x^y^ - ajj^J". 

But we have ?-^??+fl.^» + fl.5» = o, 

^ 5j.9[i ^8 . £1 ^_0. 

a a 6 6 c c 

^ ^1 fi 

a 6 c 



y^z-y^^ ^^--^8^2 MsziMa 

&c ca a& 




222 
a*" "^ 6' "^ c' 



(MdM*^ + /^^lH^'V + (MiTf^)' 






by equations (1) and (2) of the last article. 



J=±l 
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S 2 8 

Hence i'^c" sin« \ = S V % + c»a* '^J- + a*J* ^ . 
SimUarly c'»a'«sinV = 6V|{ + cV^Va«5'^', 

Adding, we get 
(6V sin \)* + (cV sin iif + (a'6' sin j/)»= 6V + cV + a^h\ . . (2). 

Again, if j? be the perpendicular from the point {x^y y,, ^g) 
on the plane which contains a' and V, whose equation is 



we have p = 



^4.^b\. ?8 



1 



Hence squaring and multiplying by the value previously 
obtained for a^b'^ sin'y we get 

pV^6'»sin*i/ = a»6V (3). 

But a'V sin v is the area of the parallelogram whose edges 
are a' and h\ and pa'V sin v is the volume of the parallel- 
epiped whose base is this parallelogram and whose altitude is 
Pj that is, the volume of the parallelepiped whose three edges 
are a\ Vy c. 

By Art. 14 this volume can be expressed in the form 

a'Vc' V 1 — cos* \ — cos* fM — cos* y + 2 cos X cos /li cos v. 

Hence this expression is equal to ahc. 

76. Another method of obtaining these relations is 
afforded by the consideration that the expression 



^ + ^ + J+*(^' + 2^* + 
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is transformed by taking three conjugate diameters as axes to 
the expression 

a? t/* i^ 

^-^ + -7i +^(^ + ^ + -s^ + 2y2r cos X + 2zx cos /a+ 2ccy cos i'). 




Consequently, if for any value of k the first expression split 
up into two linear factors, the second expression will do so 
likewise for the same value of k. 

By Art. 49 the requisite values of k for the two expres- 
sions are given respectively by the equations 



(*4)(*n-')(^+?)=«' 



and 

— A? COS^ \ f & + -tA - ¥ cos' /* f fc + rTa) — ^ COS* 1/ f fc + -75 j 

+ 2A;' cos X cos /a cos i' = 0, 

which when cleared of fractions and expanded become re- 
spectively, 

a»6VAr^+ (aV + 6V + c'a')Aj'-h(a' + 6' + 0A+ 1 = 0, 

and 

a^'^d^ (1 — cos* \ — cos* II — cos* 1; + 2 cos \ cos fi cos v) k^ 

+ (6'*c'* sin* X + c'*a'* sin*/t + a'*6'* sin* i;) Aj* 

+ (a'* + 6'* + c'*)&-hl = 0. 

And since these equations are identical we get the rela- 
tions (1), (2) and (3). 

. They can also be obtained geometrically by a series of 
transformations; or by finding the values of the maximum 
radius vector of the surface when referred to three^Kjonjugate 
diameters as axes. The result will be a cubic equation in r*, 
and the three values of r* will be a*, 6*, c*; whence the 
values of 

ft*6*c*, a»6* + c*a* + 6*c*, a'-^-V' + i? 

axe known in t^rms of a\ b\ c'. 
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The formulae obtained in Arts. 71 — 76 hold for the other 
central surfaces if the proper changes be made in the signs 
of a^ 6* and c*. 

77. The equation of the plane which bisects all chords 
of the ellipsoid parallel to the line 

^=l = i (1) 

«. Vx ^. 
is ' aj.|5 + y.p + ii.^ = (2). 

Conversely the chords which are bisected by the jJane 

lx + my'\'nz = ; (3) 

are parallel to the line 

aH b'm en ^*''' 

The line (4) is said to be conjugate to the plane (3). 

By Art. 72 every system of chords parallel to any -line 
which lies in the plane (3) is bisected by some plane passing 
through (4). 

Hence the plane passing through the origin which bisects 
any system of parallel chords of the section of the ellipsoid 
by a plane 

t» + my + W2r— p = (5) 

parallel to (3), must contain the straight line (4). Whence 
it easily follows that the point where (4) meets (5) is the 
centre of the section of the ellipsoid made by (5). The co- 
ordinates of this centre are therefore given by 

dH " 6^ "" c"^ "" a V + bW + (?n^ ~ aT+TW + cV-' ^^^• 

78. The co-ordinates of the centre of the section of the 
ellipsoid 

^+S+^=i (1) 

a c 

by the plane lx-\-my-{-nz = p (2) 

can also be obtained in the following manner. 
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Let a, Py 7 be the co-ordinates required, and let 

x-c^^y-^^z-:i^^ (3) 

be the equations of any straight line drawn in the plane (2) 
to meet the ellipsoid, r being the length of the radius vector. 
Then if x^ y, z he the co-ordinates of the point where (3) 
meets (1), we have from (3) 

and therefore from (1) by substitution 

But if a, /9, 7 be the co-ordinates of the centre of the 
section of (1) by (2), the two values of r given by (4) must 
be equal in magnitude and of opposite sign for all straight 
lines lying in (1) ; that is, we must have 

^+ff^^=o_ (5) 

a DC 
for all values of X, /a, v consistent with the equation 

yd + fim + vn^O (6)y 

which is the condition that (3) may lie in (2). 

Hence the equations (5) and (6) must be identical, or we 
have 

apd as in the last article each of these fractions 

P 

79. The equation (4) of the last article, when the values 
of a, /9, 7 are substituted in it, becomes 



Comparing this with equation (4) of Art 68 we see that 



2 3* 

cn 
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if r^ be the central radius vector which is parallel to r, we 
have 



» \ a'P + b'm' + c'nV' 



Consequently, since the areas of similar figures are pro- 
portional to the squares of any corresponding lines in the 
figures, if -4 be the area of the section of (1) by (2), and A^^ 
the area of the parallel central section, 

'jrahc J- ^ ^1 

"" Va*^ + 6W + c^/j" I " aT + bW + c VJ ' 

80. The result of the last article can also be obtained in 
the following manner. 

Let a, /8, 7 be the co-ordinates of the centre of the sec- 
tion. Then the equation 

t^\^^(i^.^ a) 

represents an ellipsoid whose centre is at (a, )8, 7), and whose 
semi-axes are ka, kb, kc. 

At the points where this cuts the given ellipsoid we have 
by subtraction 

2a^ 2% 275_a^ fl« T^ 
a» ^ 6' ^ c' "a* 6' c*^ 

Or, putting for a, )8, 7 their values from equation (6) of 
Art. 77, 

'Zilx + my + nz)^ \ -^ — rf— 5 5-2 + 1 — AT k 

and if this equation be identical with 

Ix + my + nz =p .(2), 

the sections of the two ellipsoids by this latter plane will 
coincide. 
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The condition for this is 

1-A» = 



P' 



%^t y 



a'P + bW + d'n: 



But the area of the section of (1) by the plane (2) which 
passes through its centre, by Art. (68) 



_ ^ irahc J- j^ 

" V^t"+ 6 W +c V I a"^' + 6 W + c VJ 
which is therefore the area required. 

81. It can be shewn by an investigation similar to that 
in Art. 71, that the locus of the middle points of a system 
of parallel chords of the surface 

whose direction-cosines are /, m, w, is 

2JBwiy + 2Gnz =1 

Also the equation of the surface, when two diametral 
planes and a plane through the point where their line of 
intersection cuts the surface, parallel to the two systems of 
chords bisected by them, are taken as planes of zoo, xy and yz 
respectively, will assume the form 

where B^ and C have the same or opposite signs according 
as B and G have. 

We shall however at once proceed to the more general 
problem. 

82. To find the locus of the middle points of a system of 
parallel chords in any quadric. 

Let the equation of the surface be 
Aa? + Bf + Ca" + 2.A'yz + ^Bzx + 2 Gayy 

+ 2A"x + 2F'y + 2a'z + F=-0 (1), 

which we will denote by F{x, y, z) = 0. 



or 
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And let -y- ==^ = -r^=r 2), 

be the equations of any one of the system of parallel chords. 

To find the points where (2) meets (1) we must substitute 
a+lr, l3-\- mr, y + nr for x,y,zin. (1). We thus get 

F{a + lr, fi-^ mry 7 + wr) = 0,. 
i^(a,A7) + {if+-f+«f}r + P^ = 0....(3), 

where ~T' > 'Toy If ^® ^^ partial diflferential coeflScients 

of F (a, )8, 7) with respect to a, )8, 7 respectively and P is 

some function of I, m, w. 
4. 

The equation (3) gives two values of r, which are the 

distances from (a, J8, 7) of the two points where the line (2) 

cuts the surface (1). If (a, A 7) be the middle point of the 

chord these two values must be equal and opposite in sign, 

and the coefficient of r in the above quadratic must vanish ; 

,dF ^ dF^ dF ^ 

mg, 

a{Al+Cm + Fn)+fi(Cl+Bm + An)+y{Fl + A'm + Cn) 

+ A''l + F'm + G"n==0, 

which shews that the locus required is a plane. 

83. The diametral plane will not in general be perpen- 
dicular to the chords which it bisects. There are however 
certain directions of the chords for which this is the case. 
Let us suppose Z, tw, n to be the direction-cosines of any chord 
of the system. 

The equation of the diametral plane is therefore by the 
last article, 

x{Al+Crm + Fn) + y{C'l + Bm + A'n) + z{m + A'm+Cn) 

+A"l + B"m + a'n^O. 



DIAMETRAL PLANES. 



95 



If this plane be perpendicular to the system of chords we 
must have, by Art. 23, 

Al+G'm + Fn C'l + Bm + A'n Fl + Am + Cn 



I 



m 



n 



Let each of these fractions be put equal to some quantity 
s. We have then 



{A-'8)l + Cm + Bn = 
Cl+(B-'8)m + An = 
Fl + A'm+(G''8)n = 

Whence eliminating I, m, n, we get 

(A - .), (7, F 
C\ (B-8\ A' 
B, A!, {C-8) 



(1). 



= 0, 



or (^ -5) (J5-«)(C-a)-^'"(^ -«)-£'» (5-5)- (r»(C-5) 

+ 2A'FCr = (2). 

This cubic equation will certainly give one real value of «, 
and the corresponding values of I, m, n are known from any 
two of the three equations (1). From the second and third 
we get 

A'F^C'(G-'8)'^A'C-'F{B-'8)' 

0Tm{A'(7-F{B'-8)} = n{A'F-G'(0-'8)} 

= Z{5'(7-^'(^-5)} (3), 

by symmetry. 

And when the value of 8 is known, equations (3) give the 
corresponding values of Z, m, n. 

In Todhunter*s Theory of Equations, Art. 176, it is shewn 
that all three roots of the cubic are real. 

The equation (2) is frequently called the discriminating 
cubic of the quadric (1), 
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1. If A^, A^ A^ be the areas of the sections of the 
ellipsoid 

ar* «» 2» , 

U ^ -I = 1 

made by planes perpendicular to any three generators of the 
cone 

and if PpP^y p^ be the perpendiculars on the planes from the 
origin, then 

2. Find the locus of the centres of sections of an ellip- 
soid, the areas of which are always in a constant ratio to the 
areas of the parallel central sections. 

3. OL, OMy ON are conjugate semi-diameters of an 
ellipsoid; oj^, y^, z^ the co-ordinates of L; x^y y,, z^ and 
^a» 2/8' ^8 tliose of M and N respectively. Prove that the 
equation of the plane LMN is 

4. Find the area of the section of the ellipsoid by the 
plane LMN in the last example. 

5. Oi, OMy ON are conjugate semi-diameters of an ellip- 
soid; a perpendicular is drawn from on the plane LMN 
meeting it at Q; and a diametral plane is drawn parallel 
to the plane LMN, Shew that the cone which has its vertex 
at Q and for its base the section of the ellipsoid by the 
diametral plane, is of constant volume. 

6. Find the locus of the directrices of all sections of an 
ellipsoid made by planes passing through the least axis. 

7. Shew that a straight line parallel to the least axis of 
an ellipsoid will be the directrix of two plane sections of the 
ellipsoid, provided the straight line be situated between two 
de Wte cylindrical surfaces. 
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8. Find the locus of the centres of sections of an ellipsoid 
made by planes at a constant distance from the origin. 

9. If A, By G be the areas of any three conjugate dia- 
metral sections of an ellipsoid ; X, Y, Z those of the sections 
made by planes respectively parallel to them and intersecting 
in a point on the surface, prove that 

10. Any generating line of the cone 

being taken, a plane is drawn diametral to it with respect to 
the surface 

Aa? + By" ^- Cz^ = 1. 

Shew that the principal axes of the sections of the latter 
surface by such planes all lie on the surface 

+ ^[{C-A)a? + {G-B)^\\=Q. 

11. Find the co-ordinates of the centre of the section of 
the surface 

Bf -{■ Cz"" ^ X 
made by the plane Ix + my+7iz=p. 

Find the locus of the centres of all sections made by 
planes passing through a fixed point. 

12. If in question 3, the point L remain fixed, shew 
that the perpendicular from the origin on the plane LMN 
describes the cone 

aV + 6y + cV = 3 (a^, + yy, + zz^''. 

13. If the plane Ix + my + nz ^p cut the surface 

a? y «*_ 

in a parabola, prove that 

jLG. 7 



CHAPTER VII. 

THE QENERAL EQUATION OF THE SECOND DEOBEE. 

84. The general equation of the second degree can be 
written 

+ 2^"a? + 2£"y + 2C"^ + i^=0 (1), 

which we will denote by F(x, y, z) = 0. 

The object of the present chapter is to examine the 
nature of the diflferent surfaces represented by (1), and the 
conditions that it may represent any particular kind of sur- 
face. 

We shall first examine whether the locus represented by 
(1) has a centre. 

If it has a centre and this point be taken for origin we 
know, by Art. (70), that the terms of the first degree must 
disappear. 

Assume a, /3, y sl& the co-ordinates of the centre. The 
equation when the origin is transferred to this point is ob- 
tained by substituting in (1) x + a, y +fi, z -{-y for a?, y, «, 
respectively (Art. 43), and is therefore 

which can be written 

rt / r\ \ . / AF , dF , dF rt 
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the remaining terms being of the second order in x\ y', z\ 
and 77" > JO » 77" leaving the same meaning as in Art. 82, 

If the (Coefficients of a?', y\ / vanish, we have 

dF ^ dF ^ dF ^ 
_--0 — = -— = 
d% ^' dfi "' dy ^' 

or writing them out at leQgth, 

Aa + Crff'h'Fy + A"=^0) 

Ca + Bfi + A'y + R'^oi (2). 

Fa+A'fi+Cy + Q'^O] 

These equations determine a, fi, 7. We get from them 
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B" B A' 


r*" ~- 


G" A' C 


t — 


AGS 


• 


C B A' 




Bf A' G 



_ A" (A'*-BO)+B"{CG'-A'B^+C"(BB'-C'A') 
ABG+2A'B'G'-AA"-BF*-GG" 



K3). 



limUarly 



A''iCC'^A'R)+R'{B'-CA)-]'C'(AA'''BC') 
^ "" ABC-v^A'E O'-AA'^-BB'-'CC'' 

_ A''{BB'-'CrA')+B'\AA'-'BC')+(7'(C''^AB) 
"^^ ABC+^A'BG'-AA'^-'BB^^CC'^ 

We can therefore always obtain finite values of a, p, y except 
when 

ABC + 2A'BCr - AA"^ - BB"" - (7(7« = 0, 

in which case the surface has not a centre unless the nume- 
rators of the above three fractions vanish, when the values 
of a, 13, y become indeterminate ; the reason of such inde- 
terminateness being that the three equations (2) are not all 
independent. (Todhunter's Algebra, Arts. 214, 215.) 

If the denominator do not vanish the surface has a centre 
whose co-ordinates are given by (3). 

It may be noticed that the equations (2) are the con- 
ditions that the point {a, fi, y) shall lie in the diametral plane 
to all systems of chords. (Art. 82.) 
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85. We see from the last article that it is not always 
possible to get rid of the teims involving a?, y, z. We shall 
now shew that it is always possible to simplify the equation 
by transformation so as to get rid of the terms involving yz^ 
zx and xy. 

By Art. 83 we know that there is at least one system of 
parallel chords which is perpendicular to its diametral plane. 

Let a straight line parallel to these chords be taken as the 
axis of z and let the transformed equation be 

P^'+ Qy^-\-Rz''-\-2Fyz-\-2.qzx^2Ray 

+ 2F'x + 2Q"y + m''z + ^= 0. 

The direction-cosines of the chords which are perpen- 
dicular to their diametral plane are given by the equations 

El+Qm+Fn^sm, 
Q'l + 1^711+ Bn^sn. 

But since these chords are parallel to the axis of z, these 
equations must te satisfied by 

?=0, W=0, 71 = 1. 

Whence we get Q' = 0, P' = ; and the equation of the 
surface is 

Px^ + Qy^ 4- Rz^ 4- 2Rxy + 2P''x + 2Q''y + 2Wz + J^ = 0. 

Turning the axes of x and y in their own plane through 
an angle 6 given by the equation 

222' 
tan 25 = p — ^ (Todhunter's Cmdo Sections, Art. 271), 

the term involving xy disappears, and the equation assumes 
the form 

Px^ + Qy^ + Rz'-h2F'x + 2Q''y + 2R'z + F=0. 

The equations which determine the directions of the. 
principal diametral planes are now satisfied by 1 = 1, w = 0, 
71=0, or by Z=0, wssl, w=0. Consequently each of the axes 
of X and y as well as that of z is parallel to one of the three 
lines determined by equations (1) of Art. 83, 
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We thus have aa independent proof that these three 
directions are all real and at right angles to each other. 

86. We have now shewn that by a proper choice of 
axes the terms involving yz^ zx and Iry can be made to 
disappear. It remains to explain how the coefficients of 
the different terms in the resulting equation can be de- 
termined. 

Let ij, m^, n^; ?,, m,, n,; ?,, m,, w, be the direction- 
cosines of the new axes. These values all satisfy the equa- 
tions (1) of Art 83. Let s^, «,, 8^ be the corresponding 
values of a. 

By Art. 44« the required transformation will be effected 
by substituting for a?, y, z the expressions 

ii^'+?y + ?/, m^x^ + mjy + m^z y n^x^ + n^y -^ n^z\ 

respectively. If therefore the original equation be 

Ai^ + By'+C:^-^- 2A'yz + 2B'zx + 2C'xy 

+ 2A''x + 2B'y + 2G"z + F = 0, 

the coefficient of x'^ in the result will be 

Al,^ + 5m,* + Cn,^ + 2A'm^n^ + 2Fn^l^ + 2C\m^. 

But from Art. 88 we have 

Al^-\' C'm^ + Sn^ « «,?,, 
C\ + £m, + A'n^ = 8^m^, 
E\ + A'm^ + On^ = sjn,^. 

Multiplying these equations by ?,, m,, n,, respectively, 
and adding, we get 

. Al^ -vBm^-^Cn^ -\-2Am^n^-\-2BnJi^-\'2C'l,m^-=-8^. 

Hence P the coefficient of a:'" is s^. Similarly Q^s^, 
R = «,, or P, Qy R are the three roots of the discriminating 
cubic. 

It follows from this that the coefficients of the discrimi- 
nating cubic remain unaltered in value however the axes 
may be turned about the origin. 
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The results of this article have been already obtained by 
a different method in Art. 51. 

87. It is easy to verify that the coefficients of yV, z*x* 
and xy disappear ; since \y m^; ^^ ; Z^, m,, n, ; l^, m^y w, are 
the direction-cosines of lines such that any one is parallel to 
each of the planes which bisect chords parallel to either 
of the others, and thus Z^, m^, n^, i,, m,, w,, satisfy the 
relation 

and the expression on the left-hand side of this equation is 
the coefficient of xy in the transformed equation. 

The coefficients of x', y' and z' in the transformed equa- 
tion will be 

2 {A\ 4B"fn, + C"nJ, t {A'\ -(-ff'tn, + C"n^ 

and 2 {A'\ + 5"to, +' G"n^; 

respectively, and the constant term remains unchanged. 



88. The equation when transformed to 

Pa? + Qy^ + ii5« + iF'x +, 2Q"y + 2i2"« + F=-Q 
can be farther simplified by a change of origin. 

Suppose first that none of the qrfantitied P, Q, R vanish, 
that is, that none of the roots of the discriminating cubic 
vanish, which will be the case if the constant term of the 
cubic, or , , 

ABC + ^A'B'C - AA"^ - BB'^ - CC'\ 

be different from zero. 

In this case the equation can be written 

P"» 0"* iJ" „ „ 
P ^ Q^ It ' ' 



tt\% 
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(- 



and transferring the origin to the point whose co-ordi- 
nates are 

P' ^ Q' ^ Rj' 

this becomes 

Pa? + Qf + Bz" =^ F\ 

This represents an ellipsoid, a hyperboloid of one or two 
sheets, or an impossible locus, respectively, according as the 

TJT' jpf JTlf 

quantities "p * 7) > "% ^® ^^ positive, two positive and one 

negative, one positive and two negative, or all negative. 

Thus unless 

ABC + %A:BG' - AA'^ - BS^ ^ GO''' 

vanish, the surface has a centre and is one of the surfaces 
whose equations we have already investigated. 

Now if we had first changed the origin to be the centre, 
we should have got rid of the terms of the first degree, and 
the equation would have been 

.Aijf + By' + Cz'''\-2A'yz-\-2.Fzx+Wayy-^r (1), 

which by turning round the axes would become 

Pa^+Qy'^-Rz'^r, 

and consequently, if jP' be positive the surface (1) will re- 
present an ellipsoid, a hyperboloid of one or two sheets, 
or an impossible locus according as the roots of the dis- 
criminating cubic are all positive, two positive and one 
negative, one positive and two negative, or all negative. 
If i^ be negative the order of the statement must be 
reversed, 

89, If F vanish the surface is a cone. Now returning 
to Art. 84 we see that F = —F{a, fi, 7), where a, )8, 7 are 
determined from the equations 

^a + C7'/8 + £'7+^" = 

C'a+ B^+A'y+B' = 0} (2). 

B2 + A'l3+Cy + C'^0 
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Multiplyii^ the first of these by a, the second by fi, the 
third by 7 and adding, we get 



+ A"a + B"fi + C"y = 0. 



Bat 



Ace + Bff'+Cy' + 2A'^y + 2Fyz + 2C'a^ 

+ 2A"a + 2£"/9 + 2 G"y + F=F (a, /3, 7) = - F. 

Subtracting the first of these from the. second, we get 

Hence if the surface be a cojie 

And eliminating a, /3, 7 between this equation and the 
three equations. (2), we get as the condition that the surface 
represents a cone 

A C" JB' A'' 
C B A' B" 
BAG (7" 
A' B' 0" F 



= 0. 



90. Suppose, secondly, that one of the quantities P, Q, R 
vanishes, as P. From this it follows that. the constant term 
of the cubic in s must vanish, or 

ABG+2A'EC''-AA'^-'BB^-Ce^=-Q, 

which we saw in Art. 84 indicated that there was not a defi- 
nite centre. 

The equation becomes 

<2y» + ii^' + 2P'a? + 2 O + 2jR"^ + -P= 0, 

and by changing the origin we can get rid of the terms 
in y and z, and the constant term; the equation thus' 
becomes 

Qy* + i2«'+2P"a?=0, 

which represents an elliptic or hyperbolic paraboloid ac- 
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cording as Q and R have the same or opposite signs, or 
according as 

which is the coefficient of s in the cubic, and therefore 
equal to the product of the two finite roots, is positive or 
negative, 

91. Thirdly, let two of the quantities P, Q, R vanish, 
which necessitates the two conditions, 

ABC + 2^'JB'C' - AA'^ - BE^ - CG'' = 0, 

BC'\'CA + AB-A'^''B^^C'^^Q. 

The equation now becomes 

And by changing the origin, the term involving z and the 
constant term may be removed, and we get 

R^ + iP'x + ^Qf'y^Q. 

By turning the axes of x and y round in their own plane, 
the equation can be reduopd to the form 

J2^+2P'"a? = 0, 

which represents a parabolic cylinder whose generating lines 
are parallel to the axis of y. 

The two conditions 

ABC + "lA'SC - AA^ - BB^ - CC'^ = 0, 
BC+GA'^'AB'-A'^^B^^C'^^O, 

can be replaced by simpler ones. For the first equation is 
equivalent to either of ^e forms 

{CA - JB'«) {AB - C") = {B'C - AA')\ 
{AB^C'^){BC--A^) = {G'A'^BB)\ 
{BC - ^'«) {CA - B^) = {A'B - CCJ, 

whence it follows that the three quantities AB — (7^, CA —B*, 
BC — A'^ have all the same sign, and therefore if tlieir sum 
vanishes they must vanish separately, and we must have 

BC-A^^O, CA-B^^O, AB-C'^O. 
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We must also have 
B'C'-'AAr^O, C'A'-BB^O, A'B'^CG'^0, 
but these axe included in the former. 

92. If only one* of the quantities P, Q, JJ, as P, vanish, 
and P" also vanish, the equation becomes 

Qf + B2!' + 2Qf'y + 2R'ji + F^0, 

whicti can be reduced to the form' 

Qy' + Bz'^F^O', 

and therefore represents an elliptic or hyperbolic cylinder ac- 
cording as Q and li have the same or opposite signs, that is, 
according as 

BG - A'' +' CA^ff^ + AB - 0'* 
is positive or negative,' 

If Q, R and F' have all the same sign the locus is an 
impossible one. 

The condition that P' may vanish is, that 

^"Zj' + ^X + C'^X 

should vanish, where i,, w^, xi^ are the values of Z, m, n de- 
rived from equations (1) of Art. 83 by putting 8 = 0. But. 
these values are proportional to 

1 1_ 1 

FC-AA'' C'A'-'BB' Ail i- CC ' 

« 
so that we get 

. > , ^' , . <^" . _o 

FC- A A' ^ C'A' - BB' ^ A'B - CC ~ "* 

This condition may be obtained in ailothef form from the 
consideration that the equations 



Al^ + (7'wj + Bn^ = 
CI, + Bm, + A\ == 
jB7, + A'm^ + Owj = 



(1) 
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must be all satisfied by the same values of l^, m^, n^, and the 
requisite conditions that this may be the case are 

ABC+ 2A'BC' - A A'' - BB^ - CC'^ = 0, 

united with any one of the set, 

^" (OC - A'E) + B'\B'^ - CA) + & {AA' - BG') - 0, 

A'' {A'^ - BC) + B'\CC' -^ A'E) + 0" {BB - GA) = 0, 

A"{BB-'C'A')-f^ff'{AA''-B'Gi + C"{G'*'-AB)^0. 

The equations (1) are evidently the conditions that the 
three equations (2) of Art. 84 should not be indepenaentj and 
consequently there is a line of centres. 

93. If two of the roots of the discriminating cubic as P 
and Q vanish, and P", Q* also vanish, the locus reduces to 

Bz'' + 2R'z + F=0, 

which represents two ]^^allel planes'. The conditions for the 
two roots vanishing are 

5(7-^'« = 0, (7^-5*'=0, -45-a'» = 0: (2), 

and ij, Wj, Wj are only restricted by the equation 

Al^+Cm^ + Bn^^O ../; (3), 

with which the other two equations in (1) Art. 83 become 
identical. 

If we have also A" I +B'fn^ + G'\ = 0, for all values of 
Zj, m^, n^ consistent with (3) wA must h^6 

A'' E' G" 



A C E' 

. .^^ A' E' (7" 

or from (2) ;7I = ^ = J^- 

94. On the whole then we have the following results. 

L If ABG + 2A'EG' - AA'^ - BE^ - GG'^ be not zero, 
the equation represents an ellipsoid, a hyperboloid, or an 
impossible locus, with the cone as a variety of the hyper- 
boloids. 
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II. If ABC + 2A'EC' - AA^ - BB^ - CC* vanishes, 
the equation in general represents an elliptic or hyperbolic 
paraboloid according as 

BG ^ CA^- AB- A'^ --E^^C'^ 

is positive or negative ; which may degenerate into an 
elliptic or hyperbolic cylinder, with an impossible locus, a 
straight line or two intersecting planes, as particular cases. 

III. If BC-A'\ CA-B\ AB^C'\s\l vanish, the 
equation represents a parabolic cylinder which may degene- 
rate into two parallel or coincident planes. 

The conditions that, the equation may represent a surfax5e 
of revolution may be obtained from the consideration that 
two roots of the cubic in s are equal. This is discussed in 
Todhunter's Theory of Equations, Art. 179, to which the 
reader is referred. 

The reduction of the equation in the particular case 
when 

ABC i- 24'^ 0' t- AA'' - BE' - CC' = 

may be effected by writing it in the form 

(Ax+ ay+B'zY+(AB- 0'^)f+2{AA'-B'C')yz 

+ ( CA -B«) z' + A {2A''x + 2B'y + 2G"z + F) = 0, 

' ,,. AA'-^EC CA'-E' 

orputtmg ^5^^., =-P = ZX:rFc- 

{Ax + C'y + Ez)y + {AB - C") (y + pzY 

'\-A{2A''a: + 2E'y + 2C'z + F) = 0. 

And if we take as co-ordinate planes the planes 

Ax+C'y-hEz^^O, 
y+pz^O, 
2A"x + 2E'y + 2C"z +F^0, 
this equation will in general assume the form 

which represents one of the paraboloids. The axes are not 
however rectangular. The exceptional cases can be deduced 
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from the consideration that the reduction fails when any 
two of the three planes are parallel, or when one of them 
is parallel to the intersection of the other two. 

We shall conclude this chapter with the following general 
proposition. 

95. If two sv/rfaces of the second degree intersect in one 
plane curve, all their other points of intersection lie in another 
plane curve. 

For let 5=0 and flr=0 be the equations of the two 
surfaces, and lw + my + nz-'p=0, or a=0, the equation of 
the plane of intersection. Then the cunre in which a = 
cuts the surface 8^0 coincides with the curve in which it 
cuts the surface 8' = 0. So that the three equations 8=0, 
8' = 0, a = are satisfied by an indefinite number of values 
of X, y and z. 

Consequently the expression 8 must be identical with 
k8' + ayS, where A; is a constant and /8 a linear function of 

^, y, -ST. 

Hence when /S = and S' == 0, we have a = or )8 = 0, 
that is, all the points of intersection lie in one of the two 
planes a = 0, or )8 = 0. 



EXAMPLES. CHAPTER VII. 

1. Investigate the nature of the surfaces, 

(1) 2a;'-f-62/*-f 3«' + 2y«-8«a?-2ajy-l«0. 

(2) aj"-f 42/*-«"-2y;5-^fl? + 4a?y + 2«=«0, 

2. Interpret the equations : 

(1) y-j + ^s^ic + ary.— a: — 2y — 3-J + 2 + a — 0. 

(2) a?" + 2y-3-g" + 23(5?-4^aj-ary+8a?«0. «^ 

(3) fl;' + V-6^y-f2y-4f«=0. 

(4) «^+2/*-«' + 2y^ + 2^a?-ary + 2«+2y-f 2^ = a' 
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3. Shew that the two surfaces whose equations are 

(*" + y + c»)^+(A* + c* + a^)y*+(/i* + a" + 6»)^ 

— 2bcyz — 2cazx — 2ahwy = 1, 

and (cy -r Jir) " + (a-2^ *r- ca;) * + ( t«j — ay ) " = 1 , 

have their axes coincident in direction. What kind of sur-» 
face are they respectively ? 

4. Discuss the surfaces obtained by giving diflferent 
values to /t in the equation 

ic"+ 2y" + 2^- (2 - 2fi) v« - 2zx = c\ 

5. Find the nature of the surface 

i^ f ^s^ \z zx jty %x 3y 3f ^_^ 
a 6 c po ca ab a ' b c 
and shew that it touches the co-ordinate planes. 

6. If one of the angles between the co-ordinate axes be 
a right angle and the other two be supplementary, prove that 
the sum of the squares of th,e axes of the surface 

xy ■\' yz ^ zx + d^ ^=^0 

is 12i» (Ex, 7, Chap. iv.). 

7. Shew that if two generators of a hyperboloid of one 
sheet be taken as two of the axes of co-ordinates, the equa- 
tion is of the form 

2^+ ajs = lyz + vn^zx + nxy. 

8. Find by the method of Art. 68 the position and mag- 
nitude of the axes of the section of the surface 

Aa? + Bf-{'C:^ + 2A'yz + 2B'zX'\-2G'xy^l 

by the plane 

Ix + my + n« = 0. 

9. Find by the method of Art. 78 the axes of the section 
of the surface . 

by the plane 

Ix + my + nz»l. 

10. If the equation 

aa?+ by'-h 0?^- 2h'zx + 2c xy + 2a x + 2V*y + 2c" z + rf = 
represent a paraboloid of revolution, prove that c^h±a. If 
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the upper sign be taken, prove that the equations to the 
ajcLS are 

and find the condition that the paraboloid may reduce to a 
circular cylinder. 

11. Find the equation of a surface of the second degree 
which contains two given straight lines at right angles, and 
the condition that it ifiay be a hyperbo^oid of one sheet 

Take the shortest distance between the lines as axis of z, 
the middle point of it as origin, and the axes of a and y 
parallel to the two lines, 

12. Find the equation of the surface generated by a 
straight line which meets three straight lines which are 
mutuaUy at right angles, but which do not intersect. 

13. Shew that the section of the smface 

Aa? + By" + Ci* + 2A'yz + 2Fzx + ^C'xy = 1, 

by the plane Ix + my + n^r = 0, will be a circle if 

jBM'+Cm'- 2A'mn _ CV-^An^- 2B'nl ^ Arn^+BP- 2(7lm 
m' + wV n* + Z" l^ + m'' 

14. Shew that the axes of the surface 

Aa^ + By'+Ci^ + 2A'yZ'^2B'zx + 2C'xy^l 
lie on the two cones 

CXa^^y')^B'yz + A'zx--{A''B)xy = 0, 
A\y'-z^)-{B'^C)yz-Crzx + Exy^O, 

15. A cone whose equation referred to its principal 
axes is 

is thrust into an elliptical hole whose equation is 

Shew that when the cone fits the hole its vertex must lie 
on the ellipsoid 






CHAPTER VIII. 

OK TAKOKKT LINES AKD PLANES. 

• 

96. The straight line joining any point P on a surface 
to another point Q on the surface, is called a chord. If the 
point Q be made to approach indefinitely near to P, the 
limiting position of the chord FQ is said to be a tangent line 
to the surface at the point P. 

In general all the tangent lines at the point P lie in a 
plane, which is called the tangent plane at P. This we will 
now prove. 

Let w, y, zhe the co-ordinates of any point P on a surface 
whose equation is 

F{x,y,2)^0 (1). 

And let the equations of any straight line through P be 

I m n ^ ^"^^^ 

where x\ i/, z' are current co-ordinates. 

To find the points where (2) meets (1) we must substitute 
x + lr, y-jrmr, z + nr tor Xy y, z in (1); 

we thus get the equation 

F{x -h ir, y + mVy -? + nr) =» 0; 
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+ 

^ U d d d]' „ , X « ,„v 



supposing F {x, y, z) to be of the p^ degree in x, y, z. 

This equation gives the distances from P of the different 
points in which (2) cuts (1), and since (x, y, z) is a point on 
the surface (1), F {x, y, z) vanishes and the equation (3) is 
satisfied by one value of r equal to zero^ 

If Z, w, n be such as to satisfy the equation 

,dF ^ dF^ dF . ^.. 

two values of r are zero, and the line (2) meets the surface in 
two coincident points, and is therefore a tangent line to the 
surface at (x, y, z). Equation (4) is therefore a condition 
which must be satisfied by the direction-cosines of all tangent 
lines at the point P. 

But for all points in any such tangent line we have 

x' — X __y^ — y _^/ " z 
I m n ' 

Consequently for all points in any such tangent line^we 
* have 

, , . dF . , V dF f , . dF f^. 

(«'-«')^+(y-y)5^+(«-^)^ = o...(o), 

whence it follows that all the tangent lines in general lie in 
a plane whose equation is (5). 

97. It may happen that at a given point of a surface the 

three quantities -7- , •-r- and -^ all vanish. 

CLOU CLy cLz 

Km 

A« G. 8 



114 ON TANGENT LINES AND PLANES. 

If this be the case, the equation (3) of the last article 
always gives two values of r equal to zero, and aU lines 
through the point P meet the surface in two coincident 
points. The vertex of a cone is such a point. If we take 
I, m, n such as to satisfy the condition 

^d^F ^ ,d'F^ ,€PF 

dydz azdx dxdy ^ ' 

three values of r will be zero, and the straight lines whose 
direction-cosines satisfy this equation meet the surface in 
three coincident points ; eliminating 2, m, n, we have as the 
equation of the locus of all such straight lines 

+ 2(^'-)(y'-y)||=0-. (2), 

which is the equation of a cone of the second degree whose 
vertex is at the point (a?, y, z). See Art. 34, 

A point at which -y- , -y- and -y- all vanish is called a 

ax ay az 

singular point on the surface, and the cone (2) is called the 

tangent cone at that point. 

98. In the case of Art. 96 we see that all straight lines 
whose direction-cosines satisfy (4) meet the surface in two 
coincident points. If we take Z, in, n such as to satisfy both 
the conditions 



,dF ^ dF^ dF . 
ax ay az 

^d^F ^d?F ^ ,d'F 

„ cPF o , d*F . oT (?i^ ^ 
+ 2mn -,— ,- + 2nl-j—r +2Zm ^—j- = 
dydz dzdx dxdy 



\"-0). 
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the straight lines whose direction-cosines axe obtained from 
these equations meet the surface in three coincident points. 
They are therefore tangents to the curve in which the tan- 
gent plane meets the surface. This curve, therefore, has a 
double point at the point of contact, since the above equa- 
tions in general give two values of the ratios l:m:n, which 
values may be possible or impossible. 

If the surface be of the second degree, the two straight 
lines given by (1) lie wholly on the surface, and are possible 
if the surface be a hyperboloid of one sheet or a hyperbolic 
paraboloid, and impossible in other cases. 

99. The equation of a surface is often given in the form 

« =/(^» y)> or z-f{a!, y) = 0. 

T xi_« ^^v ^f ^^ dF ^ dz 

In this case -r- becomes — ~- or — j- , -^- becomes — -^ , 

cfec ax ax ay dy^ 

and -J- becomes unity. The equation of the tangent plane 

becomes therefore 

/ az / / \ az f , y. 

It is usual to denote the quantities ^ and -r- by the 

letters 2>, q, and the quantities -i-^ , -r-g, , , by the letters 
r, t, s, respectively. 

100. The equation of the tangent plane being 

(^-.)S+(/-!-)f+(«'-.)S=0, 

the length of the perpendicular on it from the origin is 

dF dF dF 



^m'^iihm 



(1). 



8—2 
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The letters 17", F, W are frequently used to denote 

dF dF dF 
dx* dy^ dz* 

and the lettet^ ii, v, uf, u\ v\ v/ to denote 

^ ^ d^ _^F_ _d^ dj'F 
dx^ ' fl?y* ' c?/ ' dydz* dzdx* dxdy* 

respectively. With this notation the aboVie expression be- 
comes 

Us + Vy + Wz 

Ju*+v*+w* ^ ^' 

If we take the form of the equation in Art. 99, the length 
of the perpendicular is 



g^ px - qy 



101. As an example take the tangent plane at any point 
{Xy y, z) of an ellipsoid whose equation is 

a^ v^ z^ 

Here V.%r.%.W.%: 

and the equatioil of the tangent plane is 



(a''-^)5 + (/-y)|+(«'-^)5 = o, 



afx 'j/y z'z a? if «* , ,„. 

The equation of every plane can be expressed in the form 

\x -\'fiy'-\-vz'^p (3), 

where p is the length, and \ fi,v are the direction-cosines, of 
the perpendicular on it from the origin. 
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If we suppose (2) identical with (3), we get 

i = if = l = f (4), 

X y z 1 

a' V ? 



And the equation of the tangent plane becomes 

\x' + liy''!rvz'^Jan^ + &>' + cV^v.,. (5), 

a form which is often useful. 

The length of the perpendicular on (2) from the origin 

1 



/a? y* «* * 



./" 



The values ot \ fi,p the direction-cosines of this perpen- 
dicular are •^, ^' ^ ^7 (4), and the co-ordinates of the 

TjX t) V t)^Z 

foot of this perpendicular are consequently ^ , ^ , -^ . 
102, The equation q( a paraboloid l^^i^g 

.^ (1), 






the equation of the tangent plane at {x, y, z) becomes 



or a 



, 2y , 2z ,_ 2y» 2s»_ 



or -f.jZ+j.z^x' + x (2). 
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This can be put into another form, for comparing it with 

il V \ p 

we get w-==Tr = — T=^-f 

I I' 
p la Vv 

and therefore firom (1), 

and the equation of the tangent plane becomes 

W + M^' + v/ ^^^^••••. (3)- 

103. The normal to a surface at any point is the straight 
line drawn through that point perpendicular to the tangent 
plane. 

The equation of the tangent plane at (x, y, z) is 
, , V dF , J . dr , f , . dF ^ 

and the equations of a straight line through the point (x, y, z) 
perpendicular to this plane are 

"^" dj 'IlF ^ ^• 

dx dy dz 

These are therefore the equations of the normal. 

The equations of the normal to an ellipsoid at the point 
(a?, y, z) are 

a^{x'-x^ J>^{j/^y) ^ c^{z' -z) 
X y z * 



(2). 
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If we take the equation of the surface to be 

the equation of the tangent^plane is 

/- ^ -p (of -x)-q{y' - y) = 0, 

and the equations of the normal are therefore 

x' —X +p («' — z) = ff 

104. The equation of the tangent plane to a surface 

F{<».y,z) = (1) 

at the point (x, y, z) is 

/ / \ dF . , , V dF . , . dF ^ 

If this plane pass through a point whose co-ordinates are 
a, A 7, we have 

(«.-"s+<^-''f+'^-"s=»-,--<^>- 

This relation is satisfied by the co-ordinates of all points, 
the tangent planes at which pass through a given point 
(a, yS, 7). It is the equation of a surface which by its inter- 
section with (1) determines the points of contact of tangent 
planes to (1) drawn through (a, )8, 7). 

105. We can shew that all these points of contact lie on 
a surface of the degree next below that of the original surface. 
For let F {x, y, z) be of the p*^ degree, and let us assume 

F(x, y, -^) =21, + Wj^.1 + 1^„ + ... + ^2 + ^1 + ^0* 
where m^, Mp_i... denote the terms of the p*^, (p — 1)*^... de- 
grees respectively. 

Then the points of contact are determined by (1) and (2), 
and the latter may be written 

a^ + fl^+ ^^x—^ ^+z — 
dx dy ' dz dx ^ dy dz ' 
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But by a well-known theorem (see Todhunter's Diff. Calc. 
Chapter viii. Ex. 3), 

But for all the points of contact we have 

therefore O^^pu^-^pu^^^- ...-{■ pu^-{-pu^-\rpu^ (4). 

Subtracting (4) from (3) we get 

and equation (2) becomes 
jjp jip jjjp 

Now -7- , -J-, -r- are of the (0 — 1)*^ degree, conse- 
ax ay az vx ^ o 

quently (5) represents a surface of the {p — 1)*** degree. 

If the original surface be of the second degree, all the 
points of contact lie in a plane. 

106. The equation of the tangent plane to an ellipsoid 
at the point {x, y, z) ia 

or c 
If this pass through a point (a, fi,^), we must have 

??4.^+5L^=l m 



X 
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a relation which is satisfied by the co-ordinates of all the 
points of contact, and which is therefore the equation of the 
plane of contact. 

The plane (1) is called the polar plane of the point (a, /8, 7) 
with respect to the ellipsoid; and (a, ^, 7) is called the pole 
of the plane (1). 

If all the points in which (1) cuts the ellipsoid be joined 
with (a, P, 7) the joining lines will form a cone, and will all 
touch the ellipsoid, since each of them lies in. the tangent 
plane at the point where it meets the surface. This cone is 
called an enveloping co^e. 

Conversely, if at all points at which any plane cuts an 
ellipsoid, tangent planes be drawn, these planes will all meet 
in one point, which is the pole of the cutting plane. 

If a series of planes be drawn passing through a fixed 
point and cutting an ellipsoid, the poles of these planes will 
all lie in a fixed plane which is the. polar of the fixed point. 
Let (a, ^, 7) be the fixed po;liit, ^nd {x, y, «) the pole of any 
plane through (a, ^, 7). 

The equation of the polar of (a;, y, z)\b 

a' "^ 6* ■*■ c* "" ^• 

If this plane pass through (a, )8, 7) we mi;3t have 

?5 . /8y 7j 
a« "^ V "^ c* ^' 

which shews that (a;, y, z) lies on the polar of (a, /8, 7). 

If a series of planes be drawn passing through two fixed 
points and therefore through a fixed straight line, the poles 
of these planes will all lia in each of two fixed planes which 
are the polar planes of the two fixed points, that is, they will 
all lie in a fixed straight line. 

Similar results hold for all the surfaces of the second 
degree. 
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107. The equation of the enveloping cone can be found 
by a process similar to that adopted in Art. 34. The equa- 
tions of auy generating line can be written 

-7- = ^4r^'" « =^ W. 

and the equations of the curve of contact are 

By substituting for x, y^ z from (1) in the equations (2) 
their values a + ir, ^-^-mr^ 7 + 7ir atnd eliminating r, we 
obtain a rek^tion which I, m; n nKust satisfy in order t^t the 
line (1) may pass through some point pf the curv^ (2), 

The equations (2) can be reduced to. one equation of the 
p^ degree, and one of the {p — 1)"*, and the result of substi- 
tuting for X, y, 9 from (1) will therefore be 

where A^, is a bomogeiieous function in I, mf n of the p^ de- 
gree, J.,_j and 5p_j are homogeneous functions of the {p — 1)*** 
degree, and so on. 

The equations (3) can therefdre be Expressed in the form 
a; {nry 4^^.,(nr)^* + ...+i;nr4-^, = 0, 
^p-^ {nrr' + B^(nrr^+ ... +'£> + 5o = 0, 
where AJ, -4'^^, ...A^\ A^i B^^, ...5/, B^ are functions 

of -, — , and the result of eliminating nr between them will 
71 n 



be of the form 

^\n nj 
and the equation of the cone is therefor^ 

^\«-7 «-7/ 



r 
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108. In the ease of an ellipsoid the equation of the plane 
of contact is 

??+^+'y?«i=.o (1) 

a' 5» c" ^ ^' 

and we have to substitute a + lr, /3 + rrir, y + nr, for x, y, z 
in (1), and in the equation of the ellipsoid 

-. + ^ + < = l ......'^ (2). 

a 6 <r ^ 

We thus get 

"T" ^ "T" Til i" T ■" •■■ *^ U . (^ v^y > 

a* b €r ^ 

and substituting for r from (3) in (4) we obtain 

This is the relation which l^ m, n must satisfy in order 
that the straight line 

I m n 

may pass through some point in tne curve of intersection of 
(1) and (2). 

The equation of the enveloping cone is obtained by sub- 
stituting » — a, y — /8, ^ — 7 for i, m, w, and is therefore 

. &^ + »-«'» + <-i=p^ (0). 
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109. This equation can be obtained in another form by 
the aid of the following proposition. 

Let i8» = be the equation of any surface of the second 
degree, and let w » 0, t; = be the equations of two planes. 
Then the equation 

S+\uv = (1), 

where \ is some constant, will represent any surface of the 
second degree passing through the curves of intersection of 
<S = with u^O and t; = 0. For if iS'' = be the equation of 
any such surface, it is evident that <S' canntot assume any 
other form than k {8+Xuv) consistently with the suppositions 
that it is of the second degree, and is satisfied by all values 
of X, y, z which make 8 and ifi vanish simultaneously, and 
also by all values which make 8 and v vanish. 

Again, if we suppose the plane u = to change its position 
so as to coincide with v=0, the equation (1/ represents any 
surface touching 8=0 along the curve in which the latter is 
cut by v = 0, and becomes ' ^ 

Hence the equation 

i44-Mw^9*^ -')'-' -w- 

represents any surface of the second degree touching the 
ellipsoid at all the points of contact of tangent planes through 
(«> A 7)' If we take X such' that (2) shall pass through 
(ot, A 7) it must represent the eiweloping cone. Substituting 
a, fit, 7 for w, y, z, we get 

Whence the equation of the enveloping cone becomes 

This equation can of course be deduced from that of the 
last article. 
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110. If we suppose the point (a, /9, 7) to recede from 
the origin to an infinite distance, the cone will ultimately 
become a cylinder whose generating lines are parallel to the 
line joining (a, /8, 7) with the origin. This is called an en- 
veloping cylinder, and the equation of any such cylinder can 
be found from thiat of the cone, by putting a = Xk, /9 = /ik, 
7 = vk, where \, fi, v are the direction-cosines of the generat- 
ing lines, dividing by the highest power of k, and then mak- 
ing k infinite. The equation of the enveloping cylinder of 
an ellipsoid deduced in this manner from either of the equa- 
tions in Arts. 108, 109 is 

t 

111. The equatioii of the cylinder which envelopes a 
given surface 

F{x,y,z) = (1) 

can however be obtained independently of the enveloping 
cona 

For let \fiyvhe the directipn-cosines of one of the gene- 
rating lines"; x, y, z the co-ordinates of tte point where it 
touches (1). Then since this generating line of the cylinder 
is a tangent line to (1) at {x, y, z), we must have 

^dF dF dF .5,. 

^d^^f^d^-^^d^^^ ^^2^- 

This equation combined with (1) gives tke locus of the 
points at which the enveloping cylinder touches the surface, 
and we have only to find the equation of' a cylinder with its 
generating lines in a given direction, and passing through the 
curve given by (1) and (2), which can be done as in Art. 35. 

If x\ y, z' be the co-ordinates of any point in the gene- 
rating line which touches (1) at the point (x, y, z), we have 

x' — x v'-'V z'—z , 

^r = " j^=-^ suppose, 

or x = x' + \k, y = j/ + fik, z==z' + vk. 

Substituting these values of x, y, z in the equations (1) 
and (2), and eliminating k between the two equations, we get 
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a relation between a?', y\ si which is the equation of the en- 
veloping cylinder. 

112. In the case of the ellipsoid, the curve of contact is 
determined by the equations 

^ + 6« + c* 
Putting «' + XJfc, y + yk, z' + vk for x, y, z we get 

Substituting for h from the second in the first we get 

the same equation as we obtained in Article 110. 

113. Let the equation of a surfiau^ be given in the form 

^(«,/3,%S) = (1), 

where a, /9, 7, h are the lengths of the perpendiculars from 
any point on the four faces of a tetrahedron, and let any 
straight line be drawn through the point (a, ^8, 7, S). Then 
if a', ff, 7', S' be the values of a, ^, 7, S for any other point in 
the line we shall have by obvious geometry 

'^Ijll^i^^'LllJlzl^Tc (2). 

L m n q 

where I, m, n, q are the cosines of the angles between the 
line and the perpendiculars on the four faces of the tetrahe- 
dron, and k is the distance between the two points. 

We obtain. the value of k for the points where the line (2) 
meets (1) from the equation 

^{a + lk, fi + mk, y + nk, B'\-qk)^0, 
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or *(..A7,J) + *('t+»| + "* + /i) 

+ AJ(f' + Bl(^+... = (3). 

This equation gives as many values of k as the degree of 
the equation (1). 

Since (a, 13, 7, S) is a point on (1), <f> (a, )8, 7, S) vanishes, 
and one value of A; is zero. If Z, m, n, q be restricted by the 
relation 



d(f> d<f> ^ d^ d<t> f. 



two values of h vanish^ and the line (2) is a tangent line to 
(1) at (a, /8, 7, S). Hence eliminating Z, m, n, q by means 
of (2) the equation of the locus of the tangent lines at 
(a, ^, 7, S) is 



a 



But the expression ^ (a, /8, 7, 8) may be supposed homo- 
geneous, since if it be not, it can be made so by means of 
the relation given in Art. 26 ; and if it be of the p^ degree, 
we have by a well-known formula 

since the point (a, /9, 7, S) is on the surface (1). Hence the 
equation of the tangent plane at (a, /8, 7, S) becomes 

/# , /y <^<^ , / d4> ^,d4> _ .,. 
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EXAMPLES. CHAPTER VIII. 

1. Find the locus of the point of intersection of three 
tangent planes to an ellipsoid which are mutually at right 
angles. 

2. Find the locus of a point which moves so that the 
locus of the centre of the section of an ellipsoid by its polar 
plane with respect to that ellipsoid is a similar and similarly 
situated ellipsoid whose axes are each half of the correspond- 
ing axis of the origiiial ellipsoid. 

3. Shew that the polar equation of the locus of the foot 
of the perpendicular from the origin on the tangent plane to 
an ellipsoid is 

i^^c? sin'tf cos* ^ + &• sin*^ sin'^ + c» cos'tf. 

4. Find the equation of the locus of the foot of the per- 
pendicular from a pomt (a, /8, 7) on the tangent planes of th^ 
ellipsoid 

i • a s 

a; V sr 
-- 4- — 4- — = 1 
a c 

5. Find the equation of the locus of the poles of all 
tangent planes of the ellipsoid 

9 S 8 

or y ^ — 1 
a c 

with respect to a sphere whose centre is at the point (a, fi, 7) 
and whose radius is k. 

6. Shew that in general six normals can be drawn 
through a given point to an ellipsoid, and that these six all 
lie on a cone of the second degree, three of whose generating 
lines are parallel to the axes of the ellipsoid. 

7. If normals be drawn to an ellipsoid 

1- — 4 = 1 



r 
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at the points where it is cut by the cone 

X y z 

prove that these normals all pass through a diameter of the 
ellipsoid. 

8. In an ellipsoid whose semi-axes are a, 6, c, 'plane 
sections are drawn so as always to touch a confocal ellipsoid 
(see Art. 160). Shew that the centres of these sections 
always lie on a surface of the fourth degree which intersects 
the ellipsoid in the cone 

or Ir c* 

9. Prove that through any central radius of an ellipsoid 
one plane can be drawn cutting the ellipsoid in a curve of 
which that radius is a semi-axis. Shew that if it be so for 
more than one section it must be so for all such sections. 

10. On a plane section of a given ellipsoid as base two 
cones are constructed of which the vertices are the centre 
of the surface and the pole of the section. If the ratio of 
the volumes of these cones is constant, prove that each of 
them is constant ; and find the volume when the ratio is one 
of equality. 

11. Find the locus of a luminous point, in order that the 
boimdary of the shadow of an ellipsoid cast by it upon a given 
principal plane may be circular. 

12. Prove that the right circular cylinders described 
about the ellipsoid 

0? f e ^ 

6 being the mean semi-axis, are represented by the equation 
(y-c')a;»-(c«-a')y^+(a»-6^^*±2(a«-J»)4(6*-c')i«a:==(a"^06». 

13. The shadow of a ball is cast by a candle on an in- 
clined plane in contact with the ball; prove that as the 
candle bums down, the locus of the centre of the shadow is 
a straight line. 

A. a 9 
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14. Find the equation of the tangent plane to the sur- 



face 



scyz = a', 



and the volume cut off by this plane from the axes^ 

15. Find the equation of the tangent plane at any point 

of the surface 

i . f . 1 f 
^ Ty +^ ='« . 

Find also the length of the perpendiculiii' on it from the 
origin, and the area of the triangle intercepted on the tangent 
plane by the co-ordinate planes. Shew that the sum of the 
squares of the intercepts on the axes of co-ordinates is con- 
stant. 

16. Find the equation of the enveloping cone of the sur- 
face By^ + Ci* = sb, whose vertex is at a point (a, yS, 7). 

17. Find the length of the normal at any point of an 
ellipsoid cut off by the plane of ayy. Find al6o the co-ordi- 
nates of its point of intersection" with the plane of ony". 

18. Find the equations of the norAal at any point of the 
surface 

Find the locus of th6 points in which 'tbfe normals to the 
surface drawn at all points of its intersection with the plane 
so = a cut the plane of yz. 

19. Shew that the points on the surface 

xyz = c' 
at which the normals intersect a fixed line 

a$ — a _ y -- iS _ 2? — 7 
? m n 

all lie on the surface 

007 (my - nz) + fiy {nz -he) +yz {he — my) = a;' (my -nz) 

+ y^ (nz — ir) -h «' (te — my). 
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20. Find the locus of the point of intersection of three 
tangent planes to a paraboloid which are mutually at right 
an^es. 

21. Find the equation of a surface of the second degree 
which passes through aU the points of contact of tangent 
planes drawn through an external point {a, fi, y) to the 
surface 

and discuss its nature for different positions of (a, fi, y). 

22. Find the eauation of a surface of the second degree 
which passes througn all the points of contact of tangent 
planes drawn through an external point (a, /9, 7) to the 
surface 

xyz = a', 

and discuss its nature for different positions of (a, /8, 7). 

23. Find the equation of the locus of the foot of the 
perpendicular from the origin on the tangent planes of the 
surface 

24. Shew that the plane 

Ix + my + nz = 
will touch the cone 

Aai' + Bf+Cz^'^O 

if ly m, n satisfy the condition 

25. Shew that the axes of a central section of the ellip- 

a^ t/' z* 
soid -2 + jj+-j = l by a plane parallel to the tangent plane 

at (a, /9, 7) are given by the equation 

where p is the perpendicular from the centre on the tangent 
plane. 

9—2 
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ON CURVES IK SPACE. 



(2). 



114. We have seen (Art. 16) that any two equations 

F, (x. y, z) = 0) 

F,{x,y,z) = Q] ^'^' 

since they are satisfied by the co-ordinates of all the points of 
intersection of the surfaces represented by each equation^ will 
in general represent a curve. 

These equations can be reduced to the form 

y=/«(^)) 

by eliminating y and z in turn between the two equations 
(1). It may be noticed that the two equations (2) will in 
some cases represent a curve not included in (1). For in- 
stance, if the two equations (1) were of the first and second 
degrees respectively, by eliminating y and z in turn we 
should get two equations of the second degree, and the first 
two equations would represent one plane curve, while the 
second pair would represent the original curve, and another 
plane curve besides. (See Art. 95.) 

Assuming x to be any arbitrary function of a new vari- 
able t, the equations (2) can be replaced by the three 

«j = ^(t), y = t(<), » = x<<) (3). 

This third form possesses many advantages from its sym- 
metrical character, and we shall in general use it. 



z = 



(2), 
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115. As an example the pair of equations 

Ax^rBy^Cz^u] ^> 

represent a straight line. 

Eliminating y and z in turn we get the two equations 

BG-BG'^'^BG^BC\ 

_ G'A^GA CB - CD 
y " BG - BC'^ BG - BG' _ 

which correspond to the form (2) in the last Article, 
Lastly, assuming x^{BG'- BG') t, we get 

x=^{BG^BG')t,y=={G'A^GA')t + '^y:^\ 

v.. .(3), 

which correspond to the form (3) in the last Article. 

116. The curves of the most frequent occurrence and 
greatest importance are plane curves, the discussion of which 
properly belongs to plane geometry. As an instance of a 
curve not plane we may take the helix. 

This is the curve formed by the thread of a screw. It 
may be produced by wrapping a right-angled triangle round 
a circular cylinder, the base of the triangle being at right 
angles to the axis of the cylinder. 

Take the axis of the cylinder as axis of z, a plane through 
the base of the triangle as plane of xy, and a line through the 
acute angle at the base of the triangle as axis of x. 

Let be the origin ; x, y, z the co-ordinates of any point 
P in the curve, a the radius of the cyUnder, the angle AOM 
between the axis of x and CM the projection of OP on the 
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plane of xy, and a the acute angle at the base of the triangle. 
We obtain without difficulty, 

X = JT = OM cos ^ = a cos 0, 

y =Jlf^= OM sin tf = a sin tf, 

z = PM = arc AM x tan a = ad tan a, 




Whence 



or if a tan a = c, 
a;=aco8d, y = asind, 2 = cd 



a? = a cos - , y = a sin - 



(1). 

(2). 



Either (1) or (2) may be considered as the equations of 
the helix. 

117. The limiting position of the straight line joining 
two points of a curve when the second point moves up in- 
definitely near to the first, is called the tangent to the curve 
at that point. 

Let the equations of the curve be 

x^il>{t), y^fit), « = x(0 (1), 

and let t and ^ + t be the values of t for two points on the 
curve. The equations of the straight Jine joining these are 

<P{t + T)-<f>{t) yfr{t + T)-ir(t) x(< + t)-X(<)' 
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o;', ^, s! being current co-ordinates ; 

^(<+T)->/.(0 ^(< + T)-t(Q x(< + T)-x(f) - 

T T T 

But when r is .diminished indefinitely the two points 
coincide and the s^fdght line joining them becomes the 

tangent at (a?, y, z). Also the liipit of ^^ ^ — x\l ig 

doR 
<f> (t) or -^ y and similarly |or the other denominators. 



dt 
Hence the equations of the tangent at {x^ y, z) are 

(2). 



of —x _yf —y z' ^ z 



dx " " dy dz 

di di H 



118. The leugth of the chord joining two points (x, y, z) 

But by Newton (Section T. Lemma vn.) when ttie two points 
approach indefinitely near to each other, the ratio of the arc 
to the chord becomes ultimately a ratio of equality. Hence 
if 8 and « + & be the lengths ot the arcs measured from some 
fixed point up to the points {x, y, z), (a?^ y^, z^ respectively, 
the fi^ion 

' • ,d8 

^{x,~^-xy:+ {^^f + (z, ^zf 

becomes ultimately equal to unity, or 

- (I)"=(S)^(I)'-(S)' -<»• 
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From this result we see that the cosine of the angle which 
the tangent at (a;, y, z) makes with the axis of x, which by 
Art,^ 17 is 

dx 

di 



^m<^'<i) 



dx 

n dt dx 

is equalto ^ ^^ ^ * 

And similarly, the cosines of the angles which the tan- 
gent makes with the axes of y and z are -j- and -j- re- 
spectively. 

-^j the equation (1) reduces to the form 

119. Any straight line through the point (a?, y, z) per- 
pendicular to the taDgent is called a normal line. All 
such lines lie in a plane through {x, . y, z) perpendicular to 
the tangent, which is called the normal plane. Its equation 
is at once seen to be 

(-'-)| + (^-2^)| + («'-^)| = 0. 

120. It is always possible to draw a plane through any 
three points of a curve. The limiting position of this plane 
when two of the points move up indefinitely near to the 
third is called the osculating plane at that point. 

Let the equations of the curve be 
and let f, ^ + t, t-Vir be the values of t corresponding 
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to three points on the curve. Let the equation of any 
plane be 

Ax' + By'-\-G£ = D (2). 

If this plane pass through the three points t,t + r,t'{' 2r, 
we have 

A4>{() + B^ {t) -i-'Oxit) =i) (3), 

A<l>{t + T) +Bf(t + T) 4 (7x(<+t) = 2) (4), 

A^ {t+2T) + Bf{t+2.T) + Cx (< + 2t) = D (5). 

Subtracting tlie first of tiiese equations from' the second 
we have 

A{<f,{t + r)-,l> it)} +B{i(t + T) -f it)} 

+<l\x(t + r)-xm=0. 

Or, dividing by t, 

T 

Subtracting twice the secoi^ from the sum of the first 
and third and dividing by t*, we get 

. j^(«+2t) -24>(t+r)+ii>{t) . Jf■f^t+2r)-2^|rit+T)+±(fi 
A, p' +Ji : ^ 

^ (, X(t + ^r)-2x(t+r)+x{t) _ ^ 

But if we make tie three points coincide, t vanishes, 
and these two equations become (Todhunter*s Diff. Gale. 
Art. 127) 

dt at at 

• ^ B g 

" dy d*z dz d'y dz d^x dx d*z ito d'y dy d'x ' 
diT^'diW dide'ltW dt W diW 
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And subtracting (3) from (2) we have - 

t .... 

Whence the equation of th^ osculating plane at the point 
{x, y, z) becomes 

/ / \ f% d^^ dz cPyl . , Adz d'^x dx d?z\ 



+ 



/ / \ (^ cPy dy d^QD\ _ . 



121. The osculating plane is sometimes defined as the 
plane which lies ieloder to a curve at a given point than 
any other plane, and its ^equation is obtained in the fol- 
lowing manner. 

Let ^(aj'-a:)rf-B(y'-y)cfC(/-^) = (1) 

be the equation of any plane through (a?, y, z). The perpen- 
dicular on this from a poiut {x^, y^, z^ is 

A\x,^,p)+B{y^^y)+C{z^^z) 
JA' + B^+C 

But if (a?,, y,, z,) be ^ point on the curve corresponding 
to a value « + t of ^, 

, dx ^ T* d^x , 



dv T* rfV 

. dz ^ T* d^z . 
^' = * + ''^+|2^ + 

Hence the length of the perpendicular becomes ' 
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Apd when t is diminished indefinitely, the succeeding 
terms are very small compared with the first and second, 
and the smallest value which this fraction can assume will be 
when A, B, C ai'e determined by the equations 

A^x j.dy ^dz ^ 

, d^x ^ d^v ^ d^z 

whence we obtain the same result as in the last Article. 

122. All straight lines drawn through the point {x, y, z) 
perpendicular to the tangent at that point are normals. That 
normal which lies in the osculating plane may be considered 
as the normal drawn in the plane of the curve, and is called 
the principal normal. The equations of the normal plane 
and the osculating plane considered as simultaneous are the 
equations of this Une. These are 

. , . (dy d^z ^dz d^y ) , / / _ \ {dz d^x^dx d^z] 
^^^^^\di~de diWy^ ^^\di~di? Tide] 



f , V [dx d^y dy d^x) _ ^ 

^"^ ''^^I'dtle^'dide]''^' 



If v^e put these equations in the form 

x' "X ^yf ^y ^2f ^z 

the value of P is . 



dy (dx d^y dy cPa?) ^& f^ ^^dx dy\ 
di\diW^didf\ dt \dt de dt de] 

_dx(dyd^ dz^ d^z) _^ d^x (fdy\^ fdz\ 
^ It \dt df dt df] de (UJ \dt) 

But by Art. 118 
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therefore differentiating, 

dad^s _^dx d^x dy ^y dz cPz 
didf^diW di df'^SW 

nence i^ - ^^ |^^ ^^ ^^ ^^| -^ j(^^^^ \^^^j | 

_ A f(foj d^8^^ as (Px) 
'^di\dide''dtW\' 

and similar values may be found for Q and JZ. Hence the 
equations of the principal normal are 

x' --X if — y s! — z 

ds d^x d*d' dx dsd^y dfs dy "^ ds d^z ^d^s dz * 
diWdfdi dtWWdt HWdelii 

which may be written in either of the fonM' 

dtKds) dtKds) dtKdsj 

a! — x il -^y _ s! -- z , .^. 

era?, a'y drz ^ ' 

d^ da* ds^ 

123. The equations (2) of the last allele can also be 
obtained as follows. 

If \, /Lt, v; \', ^\ V be the direction-cosines of two straight 
lines, the direction-cosines of the two straight lines which 
bisect the angles between them are proportional to \ + \', 
fi + fi, v + v and X — \', /a — /*', v — v. 

For planes through the origin perpendicular to the two 
given straight lines have their equations 

\x + fiy + vz ^ (1) 

and \'a? + yiy + vz ^0 (2) respectively. 
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By Art. 26 the equations of two planes which bisect the 
angles between (1) and (2) are 

And the direction-cosines of the normals to these planes, 
which are evidently parallel to the bisectors of the angles 
between the two original straight lines^ are proportional to 
\+\', /i + /i'» p + p and \ — \', fJi»^fi\ y — 1/\ respect- 
ively. 

If I, m, n be the actual values of the direction-cosines of 
the latter line, we have 

\ — X 1 . ,v 6 

g=- , : = a(X — X) cosecs, 

V2-2costf 2^ ' r 

if be the angle between the two straight lines. 

124. Let now \ fi, v hQ the direction-cosines of the 
tangent to a curve at the point (a?, y, z), and V, /a', p their 
values at an adjacent point on the curve distant os from the 
former. Then ultimately if the two points be made to 
approach indefinitely near to each other and coincide, of 
the two bisectors considered in the last article, the one 
will coincide with either tangent, and the other will be 
the principal normal. The former will evidently have its 
direction-cosines proportional to X-f-X', /* + /*', p-\-Vy and 
the latter must have its direction-cosines proportional to 

— X, ll — fJL, P—P. 

But X' = X + -T- & + terms involving (&)' 

^'=M + ^8» + 

^'.^ + |& + 
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Hence the direction-cosines of the principal normal are 

, . , , d\ ^ du ^ dv ^ , d\ dii dv , 

proportional to ^ &. ^&. ^&, or to ^, -£. ^. and 

dos dxi dz 
putting for \, /Lt, v their values -r- , 7/ > ;/" *^^ equations 

of the principal nonnal become as before 

od ^ X y' — y z' — z 
(Po) d^y " d^z 
d? rf? d? 

125. If the curve be a plane curve, the equation of the 
osculating plane must reduce to the equation of the plane in 
which the curve lies. Hence the ratios 

'dy d^z dz d^y\ ^ /dz cPa? dx d^z\ fdx d^y dy d^x\ 
,tt de^dtlf) ' Kdtd^'^'dt'df) ' [dt-WdtW) 

must be constant for all points on the curve. 

We may therefore assume 

dy^^dz^ 

dtde dt dt'"^'^ ^^^' 

dzdJ'x dxd^z 



dt df dt df 



f^v (2), 



dx cPy^ __ dy d'x __ . 

d^d? diW^"^ W> 

where \, fj,, v are constants, and v some function of t. 

Eliminating \, /a and v from (1) and (2) by differentiating, 
we get 



fdz d^ ^ dx d^z\ (dy d?z dz d^y\ 
[dt df 'It W)\dt'de''di df) 



(dy^^dz ^y\/dz ^x dg gg\ 
*" \dt df dt df) \dt dJf dt dt) " ^' 
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dz 
or reducing and dividing by -^ , 



d^x fdy dyz dz d^y\ d^ /dz ^x ^ dx d^z\ 
W[didF'^dtde)'^W\dt df di de) 



d^ /dx ^^dy dV\ _ ^ 
'^ df^\dt de dt dfj'^ ' 



which' Uaay be iViitt^n 



dx 


dy 


dz 


dt' 


dt' 


dt 


d^as. 


d?y 


^\ 


(ft" 


(ft»' 


de 


(Pa; 


d?y 


dfz 


df 


de' 


df 



=d 



(4). 



The symmetry of this relation shews that we should get 
the same result by eliminating /a, v and v from equations (2) 
and (3).. 

This fdatibn maly be aiko obtained froin Art. 121, since 
if the curve lie in the plane (1), the perpendicular on this 
plane from any point in the curve must vanish. We must 
therefore have 

whence the relation (4) follows. We must also have 

for all values of n. But this will be the case if equation (4) 
is satisfied for all points in the curve, as may be seen by 
differentiating. 



• • .•« • • • 
••• I 






>* *< 
• • 
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126. If a curve be drawn on a given surface such that 
the inclination of its tangent to a given fixed plane is always 
greater than that of any other tangent line to the surface at 
the same pointy the curve is called a line of greatest slope to 
ihe given plane. 

Let F{x,y,z)^0 (1) 

be the equation of the given surface, and let 

Ax'\-By-¥Cz^D (2) 

be the equation of the given plane. 

The direction-cosines of the tangent line to the curve at 

doc d'U dz 
any point (a;, y, ^) are ^ , ^> ■^^ 

The equation of the tangent plane to (1) at (x, y, z) is 

and the direction-cosines of the line of intersection of this 
plane with the plane (2) are proportional to 

B — -^C— C—-A^ A—'-B — 
dz dy*dx dz* dy dx ' 

and it is evident that the tangent line to the curve of greatest 
slope must be perpendicular to the intersection of the tangent 
plane with the plane (2), whence we get 

ds\ dz dy) ds\ dx dz) ds\ dy dx) '"v /• 

The integral of this equation united with (1) gives the 
curves required. The integration will introduce one arbitrary 
constant which is determined if one point on the curve be 
known. Hence, a line of greatest slope can be drawn through 
any point on the surface. 

If the given plane be the plane of fl;y, J. = 0, JB = 0, and 
the equation (3) becomes 

dF ^_^ dx^ 

dx ds dy ds ' 

dF dy dF _ 

dx dx dy" ^ '' 
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As an example of the last case take the equation of the 
ellipsoid 



^2 + w + /.«""•*■ W- 



Equation (4) becomes 

.'. -j logy— ra log a? = constant; 

.\y^mx^ (6). 

This equation united with (5) gives the lines of greatest 
slope. If a = 6, (6) becomes 

so that in the case of a spheroid the meridians are the lines 
of greatest slope to the plane of circular section. 

127. We shall devote the remainder of this Chapter to 
the discussion of the curvature of curves in space. This is of 
two kinds, the first being the curvature of the curve con- 
sidered as lying in its osculating plane, and the second, the 
curvature by which it leaves the osculating plane, which is 
called the curvature of torsion. On this account curves in 
space are called curves of double curvature. 

Before proceeding to the formulae relating to the two 
kinds of curvature at any point of a curve some geometrical 
explanations and definitions must be given. 

Let PQ, QR, RSy ST,... be a series of lines of equal 
length, which when their length is diminished indefinitely 
become ultimately small portions of a continuous curve. Let 
p,q,r,8...he their middle points. 

Through p let a plane be drawn perpendicular to PQ and 
through q, r, «... planes perpendicular to QR, R8, 8T,... 
respectively. These will ultimately be normal planes to the 
curve at consecutive points. Let the planes through p, q 

:1Q 



A.G. : : 



• • ••• • 
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intersect in a line AE, and the planes through j, r in a line 
BF which cuts AE in some point A, and so on. 




Let the plane which passes through P, Q, R meet AE 
in Oj, and the plane through Q, R, S meet BFia 0,. It is 
evident that the point is equidistant from /*, Q aud R, 
and a circle with centre and radius 0,P will pass through 
Q aud R. This circle wdl ultimately pass through three 
consecutive points of the curve, and lies in the plane PQRO^, 
which is ultimately the osculating plane at Q. Hence it is 
the circle of curvature of the curve considered as a plane 
curve lying in the osculating plane. It is called the circle of 
absolute or circular curvature, and the point 0^ is called the 
centre of absolute or drcidar carvatxvre. 

Again, all points in the straight line AE are equidistant 
from the three points P, Qatid R. All points in the straigl^ 



r' 
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line BF ara equidistant from Q, It and 8^ Hence the point 
A, where AE and BF meet, is equidistant from the four 
points P, Q, R, and £>, and a sphere with centre A and radius 
AP will ultimately pas3 through four consecutive points of 
the curve. The point -4 is called the centre of spherical 
curvaiuref and tha length AP the radius of spherical curva- 
ture. 

The lines AE, BF, (7(? ...ultimately generate a surface 
which is touched by the normal planes of the curve, and the 
ultimate intersections of these lines produce a curve which 
is called the edge of regression of this surface. 

128. The locus of the centres of absolute burvature is 
not an evolute, but an infinite number of evolutes can be 
drawn on the surface generated by the lines AE, BF,... For 
let* Oj be any point in AE, and let ^0^, jO^ be joined and 
jOj be produced to meet JBF in u ; join ru and produce it 
to meet GG in v ; join sv and produce it to meet DH in Wy 
and so on. We have 

0,p = 0^q] 

vu + uOj^ + O^p = vu •{- uq== vu + ur = vr, 



Hence if a string be laid along the curve wvuO^ and its 
end be at p, as it is unwrapped this extremity will pass 
through qrst... and describe ultimately the original curve. 

An evolute can thus be found passing through any point of 
any one of the lines AE, BF, . . 

129. The centre of absolute curvature may be defined as 
the point where the line of intersection of two consecutive 
normal planes meets the osculating plane. 

Let the equation of the normal plane at a point (x, y, z) 
be denoted by 

^(0 = , (1). 

Any other normal plane can be represented by 

^(0 = (2). 

where \ is the corresponding value of t. 
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At the points where (1) and (2) meet, we have 

or — ^ — T-^ = 0. 

And this lattet equation when ^, — * is indefinitely diminished 
becomes 

f-o <»>■ 

Hence the line of intersection of two consecutive normal 
planes is given by the two equations 

F(t)^0, f =0. 

But i'(0=(x'--)|+(y'-y)|H-(/--)|, 



dzV 



Hence the line of intersection of two consecutive normal 
planes is given by 

(,'_,)|+(^_y)|+(/_.)| = (4), 

and (.'-.)5 + (2/-3,)g+(/-.)g=(|y (5). 

The point where this line meets the osculating plane is 
given by (4) and (5) united with 

^^ ^^ \dt Wdt de) 

, r \ fdz d*x dx d^z\ 
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From (4) and (6) we obtain, as in Art. 122, 

cd — X y "^y z —z ,wv 

d^x da dx d^a "" rf*y ds dy d^s " d^z ds dz d^s ^ '^ 

dfdt didf dfTt'ltW -He H'^ H de 

and by equation (5) each of these fractions is equal to 

^ds^"" 



JI^^TWr? /^yi ds_ds f^y 

[[d^J ■*" [dej "*" [dfj jdt dt \df) 



ds 

dt 

U^y Wv w W 



...(8). 



Also each of them is equal to 

/(^ds_ dx ^y ,(^ds_dy ^V /d^ds_dzdW 
V U<* dt dt df) "*■ \d^ dt dt df) '^[df dt dt dc) 



/ds\ I /<Pxy (d^yy ,{d^zy/^y 

\dt) V \df) ■•" U^/ [d^J W) 
where p is the radius of absolute curvature. 
Hence 

®*=(S)"M§)^@)'-©' (»>■ 



"' , 



or if « be taken as independent variable, 

1 (d*x\' , {d*yy , fd^zy ,,., 

Equation (9) or (10) gives />, and equations (7) and (8) 
give x\ y, z' the co-ordinates of the centre of absolute cur- 
vature. 
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130. The results of the last article can be obtained by 
means of the formulae proved in Article 123. 

For if S^be the arc between two points of a curve, the 
angle between the tangents at those points, and \, /tt, »; 
\', /a', V the direction-cosines of those tangents, we have 

, ,. .. hs 
p = hmit -J , 

when Ss is indefinitely diminished. ' 

Also ii I, TOy n be the direction-cosines of the principal 
normal, we have 

Z= limit of ^ (X'-X') cosec ^ 





Similarly 



= limit of 


8\ is 
Ss' $' 


2 d\ 

. 0~^ds 

sm^ 


d'x 
"Pd^' 


m 




da 
^Pds=^ 








dv 


d*z 


« 




-Pds-P 


ds*' 



But also by Art. 6 if x\ j/, z' be the co-ordinates of thef 
centre of absolute curvature, 



^ 7 ^(t X 



ds' 
whence squaring and adding and dividing by p*, we get 






* • • • • 

• • • • 



.p! \as / \d^J \as"/ 
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131. To find the centre and radius of spherical curva^ 
ture. 

The centre of spherical curvature is the point in which 
three consecutive normal planes intersect. 

If ^ (^) = be the equation of any normal plane, the line 
of intersection of this with the consecutive plane is given by 

F{t) = 0, and F'{t)-^0 (1). 

And if jP(^j) =0, F' (t^) = be the equations of any other 
line of intersection of consecutive normal planes, at the point 
of intersection of these two lines, 

iin^l^^O (2). 

And ultimately when ^ = ^^ the four equations give 

F (0 = 0, F' (t) = 0, 
and from (2) 

F"(t) = (3). 

Bat 



dt 



dt 



(r-.)g-.(^-.)g-(i)*-« 



...(4). 



These equations determine X— a?, .F— y, Z—z^ where 
Xy y, -2'are the co-ordinates of the centre of spherical curva- 
ture. "We get from them 



X— a?= 



\dt) \dt de dt df) ■*" dt de \dt df dt df) 





dx dy dz 






dt' dt' dt 






d^x d^y d^z 






df ' df * df 






d^x d^y d^z 






df * df df 


* 



(4) 
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and similar values for F— y, Z—z. The radius of spherical 
curvature By which 



is then known. 

132. To find the angle and radius of torsion at any point 
of a curve. 

The angle of torsion (Se) is the angle between two con- 
secutive osculating planes. 

Let \, fly V be the direction-cosines of the normal to one 
osculating plane; then those of the normal to the osculating 
plane corresponding to the value ^4-t of the independent 
variable will be 

d\ . da ^ dv ^ 

And the sine of the angle between, these lines is (Art. 8) 



M- 



dfi\^ f dK ^ dvV . A dfjL d\V 

'rtj ^V-dt'^Tt) ^K^'dt'f'dt) ' 



But 



_ , fdz cPx dx d\\ __ , fdx d^y ^ dy ^\ 

^^^[dtdf'^'diW)' """^[didf ttdej' 

, 1 __(dyd^_dzdW fdz<Px_^dx^V 
where ^-,- ^^^ ^^ ^^ ^j_,j + ^^^ ^, ^^ ^^,j 

fdx ^^dy d^\* 
'^\dt~W^''Ttd^)' 

dv dft_jt fdz d^x _ dx d^z\ fdx d^y _ dy d!'x \ 
'''^di~'''^~ [di'^~dide)\dide~dide) 

J. fdz ^x dx d?z\ fdx d^y dy d^x\ 
-* [4td^~didfJ.\did^~'^WJ' 



1 i 



4 t « . 
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Ft 



ds 
dt 



dx 


dy 


dz 


dt' 


di' 


dt 


d^x 


d^y 


d^z 


df 


df 


df 


cPx 


d^y 


^z 


df 


d^' 


df 


fthe 


angle 


oft 


do! 
dt' 


dy 
dt' 


dz 
dt 


d^x 


d^y 


d^z 


df 


df 


df 


cPx 


d^y 


^z 


de' 


df 


df 



(1). 



(2). 



and the radius of torsion p. which is equal to the limit of the 
small element of arc hs divided by the angle of torsion is 
given by the equation 





dec dy dz 
dt' dt' dt 




"^-If 


d^x d?y d^z 
d^' df' dt' 




Px 


• 


< 


dJ'x cPy cPz 
df df df 





(3). 



133. It may be noticed that both the radius of spherical 
curvature and the radius of torsion become infinite if 



dx 
dt' 


dy 
dt' 


dz 
dt 


d^x 
df 


d^y 
df 


cPz 
df 


(far 

df 


d^y 
df 


d^z 
df 



= 0. 
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This is in tact the condition that four consecutive points 
of the curve should lie in one plane (see Art. 125). 

We have also 



i-^'^'-m^mi^hi^hm 



le ~ iU«. 



_ fdx^ dyd^y dz d^z^ 
\dt~de TtW^dide) 



~ [dtj \[df) ■*" W) ■*" [de) [df) . 



ds^ 



(I) 



(1). 



P 

where p is the radius of absolute curvature. 

Hence if we denote the above determinant by the symbol 
A we have 

1 o'A 

-=-fe? p)- 



■■ (I) 



EXAMPLES. CHAPTER IX. 

1. Find the equations of the osculating plane at any 
point of the curves 

(1) x^a cos 0, y = a sin ^, z = cO. 

(2) 0?* + ^* — ry = 0, ^+ry = 7^. 

Find also the length of the arc of (1) between two points 
whose co-ordinates are given. 

2. The equations of a curve of double curvature being 
given, find the equation of the surface formed by making it 
revolve round the axis of z. 

Ex. a=8acos^,' y^asin^, z^c0^ 
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3. A helix joins two points, the distance between which 
is b, the angle oetween the tangent lines and the axis of the 
generating cylinder being a given angle a ; prove that if the 
length of the helix is a maximum, the helix has a constant 

length, and that the radius of the generating circle is — , 

where w is a positive integer. 

4. A curve is traced on a right circular cylinder of radius 
a, such that if the cylinder were unrolled into a plane the 
curve would become a catenary whose axis formed one of the 
generating lines, and directrix the base, of the cylinder. 
Shew that 

p, pj being the radii of absolute curvature and torsion, z the 
ordinate, 8 the arc measured from the vertex, and c the con- 
stant of the catenary. 

5. Find the equation of the osculating plane at any 
point of the curve given by the equations 

6. Find the equations of a curve traced on a sphere so 
as to cut all the great circles passing through a fixed point 
at the same angle. 

7. Find the equations of the lines of greatest slope to 
the plane of xy on the surfaces 

(1) ayz = a», 

/ON . «i ^ + 2/* 

(2) z^x^^log^^. 

8. Shew geometrically and analytically that if a sphere 
be described concentric with a given ellipsoid, the tangent 
line to the curve of intersection of the sphere and ellipsoid is 
parallel to one of the principal axes of tne central section of 
the ellipsoid which passes through that tangent line. 
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9. Find the equations of a curve traced on a spliere, such 
that the sum of the arcs of great circles joining any point on 
it with two fixed points on the sphere, the arc joining which 
is a quadrant, is constant 

10. Find the equations of a curve traced on a sphere by 
a point which moves with constant velocity along the arc of 
a great circle while the great circle revolves with constant 
velocity round a fixed diameter. 

11. A point moves on an ellipsoid so that its direction of 
motion always passes through the perpendicular from the 
origin on the tangent plane to the ellipsoid at that point. 
Shew that the curve traced out by the point is given by the 
intersection of the ellipsoid with the surface 

af*^ y""' ^"^ » constant, 

If m, n being inversely proportional to the squares of the axes 
of the ellipsoid. 

12. Find the equation of a curve traced on a right cone 
which cuts all the generating lines at a constant angle. 

Find the length of the curve measured from the vertex. 

13. A straight line is drawn on a plane which is then 
wrapped on a cone. Shew that if p be the radius of absolute 
curvature of the curve on the cone at a distance r from the 
vertex 

where a is a constant 

14. Find the values of the radii of absolute and spheri- 
cal curvature at any point of a helix. 

15. Find the locus of the centres of spherical curvature 
of a helix. 

16- If, at any point of a curve, equal lengths & be 
measured along the curve and its circle of curvature, the dis- 
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tance between the extremities of these lengths is ultimately 
equal to 

6/>V cr«"*"p«W' 

p being the radius of curvature and <r the radius of torsion at 
the point. 

17. Shew that the normal plane at any point to the 
locus of the centres of circular curvature of any curve bisects 
the radius of spherical curvature at the corresponding point 
of the original curve. 

18. If a curve be drawn on a right circular cone cutting 
all the generating lines at a constant angle jS, shew that the 
radius of absolute curvature at any point is to the correspond- 
ing radius of curvature when the cone is developed in the 

ratio of sin a to Vsin* a cos' /3 + sin'^ 



1 



CHAPTER X 



ON ENVELOPEa 



134. Let the equation of any surface be 

F{x,y,z,a)^0 (1), 

where a is a constant If a be changed to a' we obtain the 
equation of another surface 

F{a^,y,z,a:)^0 .........(2), 

differing from (1) in magnitude or position or both, but of the 
same general nature* 

These two equations will both be satisfied by the co- 
ordinates of all points in the curve of intersection of the two 
surfaces, and if we suppose the value of a to approach indefi- 
nitely near to that of a, this curve of intersection approaches 
some limiting position. The locus of all such limiting positions 
for different values of a is a surface which is called the envelope 
of the surface (1). Its equation can be found in the following 
manner. 

At all points for which (1) and (2) are satisfied, we have 

F{x,y,z,a)^0, 

F{x, y,z,a)''F{x, y, g, a) ^^ 
a —a 

But ultimately when a' becomes equal to a these equa- 
tions reduce to 

F{x,y,z,a)»0 (3), 

~F{x,y.z,a)^0 (4), 
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which are therefore the equations of the ultimate position of 
the curve of intersection of (1) and (2). Eliminating a be- 
tween (3) and (4) we obtain the equation of the locus of such 
curves, or the envelope of the surface (1). 

135. The curve given by the two equations (3) and (4) 
of the last article is called ike characteristic of the envelope. 

If we take the equations of two consecutive characteristics 
and treat them as in Art. 131 we get, to determine their point 
of intersection, the three equations 

F{x, y, z, a) = 0, 
F'{x,y,z,a) = 0, 
F"{x,y,z,a)^0. 

If between these three equations we eliminate a we shall 
get two relations between a?, y, z which are the equations of 
the locus of ultimate intersections of two consecutive charac- 
teristics. The curve so obtained is called the edge of regres- 
sion of the envelope, or sometimes simply the edge of the 
envelope. 

Thus the line given by equations (4) and (5) of Art. (129) 
is the characteristic of the envelope of the normal planes to 
the curve, while the locus of the centres of spherical curvature 
is the edge of regression of the same envelope. 

136. We will now shew that the envelope obtained in 
Article 134 touches each of the series of intersecting surfaces. 

For suppose from equation (4) of that article we obtain a 
value of a, 

a-^{x, y, z). 

Substituting in (3), the equation of the envelope becomes 

F[x,y,z,^{x,y,z)]^0 (1). 

The values of -j- and -r- at any point of this surface are 
given by the equations 

dx dz dx d(l> \dx dz dx) 



dF dFdz^ dF/d^ d^dz\^ 
dy dz dy d<l> \dy dz dyj "* 



.(2). 
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At any point of the surface F (x, y, z, a)=sO the values of 
-, and -T- are given by the equations 



dF dF dz ^ 

dx dz dx 

dF dF dz ^^ 

dy dz dy " 



(3). 



But at the points where the envelope meets the surface 

F{x,y,z,a)^0, 
we have 

a = <^ (a?, y, z) and -^ = 0. 

JJp JTjJ 

Now rr only differs from -7- in having ^ {x, y, z) instead of 
a, consequently at all the points of intersection of the surface 

F{x,y,z,a)^0 

JET 

with the envelope, tt = 0,and the equations (2) become iden- 

dz dz 

tical with equations (3). The values of -r- and -v- being the 

same for the surface and its envelope, the two surfaces touch. 

137. If the equation of a surface be 

F{x,y,z,a,b)=-0 (1), 

when a and 6 are constants, any two other surfaces formed by 
giving new values to a and b will intersect (1) in a point or 
points, which assume a limiting position when the new values 
of a and b approach indefinitely near to their first values. 
The locus of such limiting positions is called the envelope 
of the surface (1). 

Let a and b become a + hfb-^-k respectively. The equa- 
tion of the corresponding surface is 

F{x,y,z,a+h,b + k)^0, 

or F{x,y,z,a,b)'^hF {a'b0h)+kF {b'{-ek)»0... {2), 
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where 5 is a proper fraction and F' (a + Oh) means that 
F (a?, y, z, a, h) has been differentiated with respect to a, and 
a+ Oh put in the result for a. 

At the points of intersection of (1) and (2) we have 

hF'(a+0h)+kr(b+0k) = o) ^ ^' 

and whatever be the ratio of h to k, when h and k are di- 
minished indefinitely aJl the curves of intersection given by 
(3) pass through the points given by 

F(x,if,z,a,b) = 0. F'{a) = 0, F'{b) = 0. 

By eliminating a and b between these equations we obtain 
the equation of the envelope. 

138. The envelope in this case also touches each of the 
series of intersecting surfaces. For let the equation of one 
of the surfaces be 

F(x,y,z,a,b) = (1), 

The corresponding point on the envelope is given by (1) com- 
bined with 

f-». f-" (^'- 

From (2) we can obtain by solving for a and b 

and the equation of the envelope becomes 

F{x, y, z, ^, {x, y, z), (f>^ {x, y, z)] = 0. 

The values of -r- and -j- for any point of the envelope 
are given by the equations 

dF dFdz dF^ /#! , #i ^^ . ^ (^ #2 ^^\ ^ a 
dx dz dx d(p^ \ dx dz dxj d<f>^ \dx . dz dx) " ' 

dF dFdz dF/d<l), d<l>, dz\ dF /d^^ d4>^ dz\ ^ 
dy dz dy d<f>\dy dz dyj d(l>^\dy dz dy)^ 

A. G. 11 
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But at the p<Hiits where (1) meets the envelope 

•JET j-pr 

consequently at those points -rr'=' 0, -rr- = 0, and the above 

equations become 

dF dF dz ^^ 
dx dz dx^ 

dF dF dzk 
dy dz dy" * 

which are the same as the equations which give'-i- and -r- 

for the point (a?, y, z) of the surface (1). Hence at the points 

where (1) meets the envelope the values of -7- and -j- are 

the same for the surface and the envelope, which therefore 
touch one another at those points. 

139. If the equation of a family ef surfaces contains n 
arbitrary constants connected by (w — 1) equations there is 
really one independent constant, and the envelope can be 
found by substituting-for (n — 1) of the constants their values 
in terms of the n^. It is better in general to consider 
(n — 1) of the constants to be functions of the n^, and dif- 
ferentiating »R the .equations to. eliminate by undetermined 
multipliers. 

If the n constants be connected by. (w — 2) equations, two 
of the constants are arbitrary, and the envelope falls under 
the second class. The method of undetermined multipliers 
can be '<used in this case also» 

For examples of the solution of problems the reader is 
referred to Todhunter's Differential Calculiis, Chapter xxv., 
the methods employed there being equally applicable to the 
problems of Solid Geometiy, 
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140. The polar plane of any point (a, /8, 7) with respect 
to any quadric can be obtained as in Art. 106. If the point 
(a, /8, 7) be constrained to lie on any given surface 

/(«',y,^) = o (1), 

the equation of its polar plane will contain three parameters 
a, )8, 7 connected by one relation 

/(a,y3,7) = 0. 

The equation of its envelope can therefore be found by 
the methods of Art. 137. 

Suppose this equation to be 

<l>{x,y,z)^0 (2). 

Then any point (a', )9', y) in (2) is the limiting position of 
the point of intersection of the polar plane of some point 
(a, fi, 7) on (1) with the polar planes of points on (1) adja- 
cent to (a, )8, 7). Hence by Art 106 the polar plane of 
(a, ^, 7; with respect to the given quadric must pass 
through the point (a, fi, 7) and other points on (1) contiguous 
to (a, fi, 7), that is the polar plane of (a , fi', y) is a tangent 
plane to (1) at (a, fi, 7). Thus the surface (1) is the en- 
velope of the polar planes of all points on (2) with respect 
to tne same quadric. The two surfaces are from this pro- 
perty called reciprocal polars. 

Each surface may be also defined as the locus of the 
poles of the tangent planes to the other with respect to the 
given quadiic. 

141. Let the quadric with respect to which the polars 
are taken be the sphere, 

a? + f + z'^'k? (1)- 

The equation of the polar plane of any point (a, ^8, 7) with 
respect to this sphere is 

aa) + fiy+yz = J(? (2). 

Let the surface to be reciprocated be the ellipsoid 

^4.^4. — -1 n^ 

a 0' c ' , 

11—2 
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Hence we have to get the envelope of the plane (2), a, ^, 7 
being parameters connected by the relation 

4 + ^ + :f = l (4). 

dr 6' r ' 

Using the method of undetermined multipliers we get to 
determine the envelope, 

a be 

whence 1 + XA" = ; 

and substituting in (2) the envelope becomes 

aV + 6y + cV = A;* (5). 

The surface represented by (5) is often called the reci- 
procal ellipsoid of that represented by (1). 



EXAMPLES. CHAPTER X. 

1. Find the envelope of the series of planes 

ax + fiy + ryz-1, 

where a, 13, 7 are parameters connected by the relations 

a" + /3» + 7« = l, 
la + mfi + ny^O. 

2. Find the 'envelope of a sphere of constant radius 
which moves with its centre on a fixed circle. 

3. Find the envelope of central sections of an ellipsoid 
of which one axis is constant and equal to k. 



\ 
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4. Find the envelope of planes which axe the polars of 
points on the ellipsoid 

a c 
with respect to the ellipsoid 

2 t 2 ' 

\-^—-\- — =s 1 

a p 7 

5. Find the envelope of a sphere of constant radius which 
moves with its centre in a fixed plane. 

6. Find the envelope of an ellipsoid whose axes are 
given in direction and the product of whose axes is ponstant 
and equal to 8A;'. 

7. Find the envelope of the series of planes 

he + my + nz==Vf 

where I, m, n, v are parameters connected by the relations 

P4-m' + n' = l, 



P . m^ . n 



2 "l" ^.2 1,2 "T" ..2 ^2 ^* 



v^ — a^ v* — 6' V* — c 

8. Find the envelope of a sphere whose centre is at a 
point (a, /8, 0), and radius is 7 where a, ^, 7 are connected 

by the relation 

a« + /3» + 7« = A;^ 

k being a constant. 

9. Find the envelope of the surface 

where a, yS, y are parameters connected by the relations 
a, b, c being constants. 
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10. Find the envelope of all planes which cut off a 
constant volume from the co-ordinate axes. 

11. Find the envelope of a series of planes which move 
so that the perpendicular on them from the origin is constant 
in length. 

12. Find the envelope of a series of planes which move 
so that the area of the section of an ellipsoid made by any 
one is in a constant ratio to the area of the parallel section 
through the centre of the ellipsoid. 

13. Find the envelope of a sphere of constant radius 
which moves with its centre on a fixed sphere* 

14. Find the envelope of the plane 

when a, /8, 7 are connected by the relations 

or 6* c' 

li + m^ + 717 s= 1. 

15. Through a given point (a, ^, 7) a series of chords 
are drawn to an ellipsoid whose equation is 

in such directions that the line of intersection of the tangent 
planes at the extremities of each chord is perpendicular to 
that chord. Prove that the envelope of the lines of inter- 
section of the tangent planes is a parabola which is the 
intersection of the polar plane of (a, /8, 7) with the cone whose 
equation is 

' -|- - -)- - — u. 

a c 



CHAPTER XL 

ON FUKCnOKAL AND DIFFEBENTIAL EQUATIONS OF 

FAMILIES OF SUEFACES. 

142. To find the general equation of conical surfaces. 

A conical surface is generated by a straight line which 
always passes through a fixed point and meets a fixed curve. 

Let (a, 13, y) be the fixed point> and let the equations of 
any generating line be 

?^«=i^=^ (1). 

C m n 

Let the equations of the curve through which (1) always 
passes be 

y=-<l>{x), z.^'^frix) (2). 

Since (1) always meets (2) we have 

And eliminating x between these equations, we shall get 
a relation between -j and -j , which can be put into the 
form 



r.'(?)' 



\X — OL/ \X ^CL/ \X — dj 



168 ON FUNCTIONAL AND DIFFERENTIAL EQUATIONS 

whence the equation of the cone becomes 

^.ILl^Tiy^ (3). 

This is the functional equation of conical surfaces. In 
all cases it is clear that the equation is homogeneous in 
a? — a, y — A s? — 7 ; in fact the result we have obtained is 
the analytical statement of the fact that the equation of 
any conical surface whose vertex is at a point (a, /8, 7) is 
homogeneous in a? — a, y^fi, « — 7; an extension of the 
result of Art. 34. 

A differential equation holding for all such surfaces can 
be deduced thus. 

From (3) differentiating with respect to x, 

dz 
dx 

and with respect to y, 

dy • va? — a/' 

dz ^z-^^ y-^pdz 

dx" x — OL x — a'dy* 

or («'-«) J+(y-^)| = '^-7 (4). 

143. To find the general equation of cylindrical surfaces. 

A cylindrical surface is generated by a straight line which 
moves always parallel to itself and meets afi^ed curve. 

Let I, m, n be the direction-cosines of s^ny one of the 
generating lines, and 

2zf.Z=l=?=£=, („ 

I m n ^ ' 

the equations of the line. Let the equations of the directing 
curve be 

r=^(X), z=^(Z) (2). 

Since (1) meets (2), we have 

y + mr^<f>(x + lr), Z'hnr=^y^{x + Ir), 
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and by eliminating r between these two equations we get a 
relation between x, y, z, the co-ordinates of any point in any 
one of the generating lines, which is therefore the equation 
of the surface. 

The general form of the result is obtained thus. 
From (1) mX— ZF= wub — ?y, 

nY—mZ=ny —mz. 

« 

But from (2) mX — lY and w Y"— mZ can ordinarily both 
be expressed as functions of X, and we can therefore deduce 
a relation of the form 

mX-^lT^^FinY-mZ); 

/. mx — ly ^ F (ny --mz) (3), 

which is the general^ functional equation of cylindrical 
surfaces. 

The differential equation can be deduced. For from (3), 
differentiating with respect to a?, 

!B% = —-mF'(ny — mz)j-f 
and differentiating with respect to y 

-l^^-m-^F'iny-mz), > 

v T dz dz 

whence Z -j- = w — w j- , 

ax dy 

jdz' dz ... 

If the direction of the generating line of the cylindrical 
surface be parallel to the axis of y we have Z=0, m = l^ 
n==0, and equation (3) becomes 

x = F(^''z) OT f(x,z) = (5). 

Any equation of this form represents therefore a cylin- 
drical surface whose base is the curve of which (5) is the 
equation regarded as an equation restricted to the plane 
of zx. 
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Similarly the equations 

represent cylindrical surfaces whose generating lines are 
parallel to the axes of ^.and x. 

These results are obvious also from general consider- 
ations. 

144. To find the genercd equtxHon of cormdal surfaces, 

A conoidcd surface is a surface generated by a straight 
line which always^ meets a fi^ed straight line, is parallel to a 
fixed plane, and meets a fixed curve. 

Let the equations of the fixed line be 

and let the equation of the fixed plane be 

■ Yx'^m'y + nz^O...^. (2). 

The co-ordinates of any point in (1) can be represented 
by a+ Ir, fi + mr, y-hnr, and the equations of any straight 
line through this point are 

' a>-a-h' y-^-mr z-y-nr 

— \ — ' — ^r~" — p — W- 

If this be parallel to (2),. we have 

Xr + /xm'+i^' = (4). 

From (3) and (4) 
1 1 (x-a) +mHy-p) -{-n'^z-y) = (ZZ' + mm- + nn') r...(5), 

and from (3) eliminating r 

nX'-lv __ yi (a? — g) — Z (g — 7) .^. 

nfi-^mv" n{2/--fi)'-m{z'-'fy) ^ ^' 

. Now the condition that the straight line (3) may meet the 
fixed curve, combined with (4), wul ordinarily enable us to 
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express - and - as functions of r, and consequently we can 
arrive at a result of the fonH 

^ "^ '^ = F WX + mm! + nn) r}, 
n/ju — mv ^^ . 

or 

which is the general functional equation of conoidal surfaces. 

If the fixed plane be taken as the plane of xy, and the 
point where the fixed line meets it as the origin, we have 

r = 0, w' = 0, n'=:l, a = 0, /3 = 0, 7 = 0, 
and the equation (7) becomes 

"^^^ ^Flz) ....(8). 

ny — mz ^ ^ ^ 

If the fixed line be perpendicular to the fixed plane 

Z=0, m = 0, n = l, 
and the equation of the surface becomes 

- = F{z), 

y 

^=tQ (9)- 

In this case the surface is called a right conoid. 

145. The diflferential equation of conoidal surfaces can be 
deduced from (7) ; for differentiating it with respect to x, we 
have 

(n-l^{n{y-^)-m{z-rt)\ + m^{n{x-a)-l{z-r^)} 

{n{y-^-m{z-i)Y ~" 
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and differentiating with respect to y, we have 

' {n(y~/3)-m(«-7)}" 

and reducing and eliminating 

i" {? (a?-a) + m'(y-i8) + n' (a?-7)l 
we obtain 

(«'+«'!)[« (y-yS)-m(.-7)+^W^-a)-%-^)}] 

or m'[n(y — ^) — m(« — 7)} + ^{71(0? — a) — Z(« — 7)} 

The differential equation corresponding to equation (8) is 
obtained by putting 

a = 0, /3=0, 7 = 0, r = 0, m' = 0, n' = l, 

and is therefore 

(nx^lz)-^ + (ny^mz)-^^0 (11). 

The differential equation of a right conoid is obtained 
from (11) by putting 

i = 0, w = 0, w = l, 

and is therefore 

'S^^l-o ■••• w- 



'» 



**-\ 

# 
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The forms (11) and (12) can of course be obtained di- 
rectly from (8) and (9) by diflferentiation. 

For instance from (9), differentiating with respect to x, 
we have 

die y^ \yj' 
and differentiating with respect to y, 

dy y^W' 



whence eliminating y^ (-\ we have 



dz , dz f. 

146* The three classes of surfaces we have' considered 
are all included in the general class of ruled surfaces^ that is, 
surfaces which can be generated by the motion of a straight 
line. The first and second differ from the third in this, that 
any two consecutive generating lines in any surface of the 
first or second classes lie in one plane, whereas this is not 
in general the case with the third class. Euled surfaces 
in which consecutive generating lines lie in one plane are 
called developable surfaces, while all other ruled surfaces are 
called skew surfaces. Thus the surface generated by the 
ultimate intersections of the normal planes to a given curve 
is developable. 

Developable surfaces are so named for the following 
reason. Let a series of consecutive generating lines be 
drawn. The plane which passes through the first and 
second line intersects the plane which passes through the 
second and third line in'the second line. The first plane may be 
turned round the second line till it coincides with the second 
plane, and thus three generating lines of the surface can be 
made to lie in one plane. Again, this plane can be turned 
round the third line till it coincides with the plane which 
passes through the third and fourth lines, and so four con- 
secutive lines can be made to lie in one plane. In this 
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manner the whole surface can be developed so as to lie in 
one plane without tearing. 

Since any two consecutive generating lines of a develop- 
able surface lie in one plane, any such surface may be pro- 
duced by the ultimate intersections of a series of planes, and 
since any two consecutive planes intersect in a line on the 
surface, the equation representing any one of the series can 
only involve one arbitraiy constant (Art, 134). 

147. Let the equation of one of the planes be 

Ax'hBt/+Cz'-D:=-Q (1). 

Then since the equation only involves one arbitrary con- 
stant, A, By C, D must be functions of one constant which 
we may call a. Thus equation (1) may be written 

^<^i («) + #. (a) + -^^a W - ^iW = (2), 

and the envelope is found by eliminating a between (2) 
and the equation obtained by differentiating it with respect 
to a, viz, 

«"!>: («) + y4>: (a) + ^^.' W - <^; («) = (3). 

To obtain the general differential equation of developable 
surfaces we must differentiate (2), considering a as a function 
of X, y, z determined from (3), 

Differentiating with respect to a?, we get 

+ WW + #; w + ^K (a) - <^; w} {i + S 1} = 0. 

orby(3), ^xW + ^^.(a) = (4). 

Similarly, differentiating with respect to y, we get 

5^.(«)+|^.(«) = (5). ^ 
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Eliminating a between (4) and (5), we get 

i=/(i) ■■■ <«. 

and differentiating again with respect to a? and y in turn, 
we get 

do? ""•' \dy) ' dxdy ' 

^z ^ff(dz\ d^ 
dx dy ^^ \dy) ' dy^ ' 

And eliminating /* ( j-)> "^^ S^^ 



* d'lt \dx dy) ' 



d^'df \dxdy. 
which is the differential equatiooi of developable surfaces. 

148. To find the general equation of surfa/^s of re- 
volution. 

A surfaxie of revolution is the surface produced by the 
revolution of a plans curve rovmd a fixed straight line in its 
plane called the axis of revolution. 

Let the equations of the axis of revolution be 

I m n. ^ ^' 

And Iqt y=f{x) be the equation of the revolving curve 
when the axis of revolution is taken as the axis of x, and 
the point (a, 13, 7) as origin. Let F be any point on the 
surface, FR perpendicular on the line (1), and Q the point 
(a, /8, «7). Then from the definition of a surface of revo- 
lution, 

, PJt=f{RQ) .....(2). 

But BQ = l(a!-a) + m{!/-fi)+n{z-y), 

since it is the perpendicular from Q on a plane through P 
perpendicular to (1), and 

Pi2» = (a; - a)* + (y - /9)« + (a - y)» 
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Hence 
(a; - a)'+ (y - /8)»+ (z - 7)'= {l{x-a) + m(y-fi)+n(z- >/)]* 

+ [f{Hx-a) + mQ/-^+n{z-'y)]Y, 

or (a;- a)»+ (y - /3)» +{z- y)' 

='<}>{l(x-a)+tn{i/-^) + n{z-y)] (3), 

which is the functional equation of surfaces of revolution* 

The differential equation can be thus deduced. 

Differentiating (3) with respect to x we get 

and diflferentiating with respect to y 

2{(y-^) + (.-7)|} 

Eliminating <}> and reducing, we get 

dz 
m(ic-a)-%-/3) + {m(^-7)-n(y-^)}^ 

dz 

+ {n(aj — a) — Z(^ — 7)}-7- = (4), 

which is the differential equation required. 

149. The conditions that the general equation of the 
second degree should represent a surface of revolution, can 
be obtained either from the functional or differential equa- 
tion of the last Article. We will obtain them from the func- 
tional equation. 



OF FAMIUES OF SUEFACES. 177 

Let the equation be 
Ax^ + Bf + Cs^ + 2A'yz + 2Szx + Wxy 

+ 2^"a? + 2JS"y + 2C"z + i' = (1). 

If this equation represents a surface of revolution it can 
be put into the form 

+ Q{Ix + m7/ + nz)+B (2), 

where P, Q, R are constants. This is evident from the 
considerations that the right-hand member must be some 
function of 

I (a) -- a) + m(^ - /3) + n {z - y), 

or of lx + m7/ + nZ'-{la + mfi + ny), 

and that it cannot contain x,y,ztoQ, higher degree than 
the second. Making the equations (1) and (2) identical, 
"we obtain from the terms of the second degree 

PP^l^kA (3), Pmn = JcA' (6), 

Pm'--l^JeB (4), Pnl^hE (7), 

P/»»-l = A:a (5), Phn^JcC (8), 

where Je is some constant. 

Multiplying (7) by (8) and dividing the product by (6), 
we obtain 

■ • ^^'-A-'^-^-B-'^'^'-G (9) 

These are the conditions which must be satisfied by the 
coefficients of the equation. 

The relations which must subsist between a, y8, 7 are ob- 
tained by equating the coefficients of the terms of the first 
degree in (1) and (2). We thus obtain 

QZ + 2a = 2M", 

gw + 27 = 2A?a", 
A.G. 12 
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Whence Mljl^^^^::zl^^O:i:zy (10). 

But -gr^ = -^Tj? -'jT^' > and A; is given by (9). 

The three equations (10) being the relations which 
a, py y must satisfy are the equations of the axis of re- 
volution. 

150. The preceding investigation fails if the quantities 
—^"A, -j^-Bj -^7 (/vanish, 

for then k is required to be infinite. 

We know that the equation (1) in this case represents a 
parabolic cylinder, or two parallel planes (Art. 91), conse- 
quently the surface cannot be a surface of revolution. 

The investigation also fails if A\ B\ or (7 vanish. Sup- 
pose -4' = 0. From equation (6), mn = ; .*. m = or n = 0, 
and therefore, B' or G* must vanish also. Suppose n = 0, 
and therefore B* = 0, we get then 

Plm = hG\ 
kG^-l, 
and (l+M)(l + Aj£) = PJPm" = A»a'»; 
.-. {G^A){G^B)^G'\ 

which with B' = is the condition required. The other 
exceptional cases can be treated in the same way. 

151. The differential equations of the different classes of 
surfaces can be put into a more symmetrical form by the sub- 
stitutions 

dF dF 

dz dx dz di 

dy 

dz ' 



dz^^dx ^^ _ dv 
di"" IF' dv ^' 
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and corresponding substitutions for the second differential 
coefficients of z^ the equation of the surface being assumed 
to be 

Thus the differential equation of cylindrical surfaces 

becomes 

, dF dF dF ^ .^v 

l-T- + m--T- + n-j- = (1). 

ax ay dz ^ 

The equations can be more conveniently used in this 
form to discover whether a surface whose equation is given 
belongs to the peculiar class considered. 

For instance, if the surface be cylindrical, there must be 
some values of I, m, n which shall make the expression 

- dF dF dF .Qv 

l^- + m-T- + n -1— (2) 

ax ay da 

vanish identically for all values of x, y, z corresponding to 
any point on the surface. 

The conditions that this may be possible will be that the 
coefficients of the several powers and products of x^y^z m 
(2) must vanish for the same values of Z, m, n. 

The differential equations can be found independently of 
the functional. For instance, equation (1) is the algebraical 
statement of the ^act that at all points of the surface 

a straight line whose direction-cosines are I, m, n is a tangent 
line to the surface, a condition obviously satisfied by cylin- 
drical surfaces only. 

In the case of conical surfaces we at once obtain the dif- 
ferential equation 

from the consideration that the straight line joining any 
point {x, y, z) with the vertex is a tangent line to the surface 
at the point {x^ y, z), 

12—2 
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1. Shew how to find the functional and dififerential 
equations of a tubular surface, that is, a surface which is the 
envelope of a sphere of constant radius which moves with its 
centre op a fixed curve. 

2. Prove that the surface 

aj" + y + «* — ^ayyz = cP 

is a surface of revolution round the line x^y^z. Find the 
equation of the generating curve. 

3. Find the equation of a conoidal suiface of which the 
generating lines pass through the axis of z and are parallel to 
the plane of xy, and whose directing curve is a circle with its 
centre in the axis of x and its plane parallel to that of yz, 
{The ConO'Cuneus,) 

4. Find the equation of the surface generated by a 
straight line Which passes through two fixed straight lines 
at right angles to each other, and also through a circle 
whose plane is parallel to each of the straight lines and 
whose centre is at the middle point of the shortest distance 
between them. 

5. Find the equation of the surface generated by a 
straight line which always passes through the axis of z and 
some point of the curve 

x = acos0, y = asintf, z=^c0; 
and is parallel to the plane of xy. 

6. Find the equation of the surface generated by the 
tangent lines of the curve 

a: = a cos ^, y=^asinO, z^ eft 

7. Find the equation of a conical surface whose vertex 
is at any point on the surface of a sphere, and whose base is 
a small circle of the sphere. 
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Find also the curve in which the cone is cut by a plane 
through the centre of the sphere perpendicular to the dia- 
meter through the vertex. 

8. Find the equation of the surface generated by the 
revolution of a circle round a straight line in its own plane 
which does not cut it. 

9. Prove that all tangent planes to the surface in the 
last question which pass through its centre cut it in two 
circles. 

• 10. A fixed straight line AB meets a fixed plane in A, 
A straight line AP moves so that the sine of the angle which 
it makes with AB bears a constant ratio to the sine of the 
angle which it makes with the fixed plane. Find the surface 
generated by AP, 

11. Find the conditions that the surface 
Aof + By^ + Cz^ + ^A'yz + 2Ezx + 2C'xy 

+ 2A'x + 2B"y + Wz + jP= 
may be a cylindrical surface. 

12. Shew that with the notation of Art. 100 the con- 
dition that the surface F{x^ y, z) = may be develop- 
able is 

+ 2VW{v'w - uu)+2WU{w'u - vv') + 2UV{u'v'-ww)=^0. 

Deduce the conditions that the surface in (11) may be 
developable. 

13. Find the equation of the surface generated by all 
the normals drawn to an ellipsoid 

a? V^ z" ^ 

— 4- ^ 4- — — 1 

or Ir <r 
at the points where it is cut by the cone 

X y z 
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14. A surface is generated by a straight line which 
passes through the axis of z^ and the line x^^a, ^ = ; re- 
maining parallel to the plaae y = kz. Shew that its equa- 
tion is a? (y — A:^) = ay. 

15. Describe the general nature of the surfaces repre- 
sented by the several equations 

(1) /(r, d) = 0. (2> /(r, ^) = 0. (3) /{O, ^) = 0. 

16. Examine the nature of the surfaces represented by 
(1) r^ = a'cos2^. (2) r» = a'cos20. 

17. Find the equation of a cylindrical surface having 
one central circular section of an ellipsoid for its guiding 
curve, and its axis perpendicular to the other circular 
section. 

18. 'With the axis of 2; as axis a series of helices are 
described, all intersecting two given curves ; prove that the 
functional equation of the surfaces generated is 

and that the differential equation is 

, d^z « d^z ^ ^ d^z dz , dz 

19. A candle is placed at a given distance in front 
of a plane vertical circular mirror on a line perpendicular 
to the plane of the mirror through the extremity of its 
horizontal diameter; shew that the boundary of the re- 
flected light which falls on a wall of which the plane is per- 
pendicular to that of the mirror is a parabola, and deter-< 
mine its latus rectum. 

20. A straight line AB moves on two fixed straight 
lines not in the same plane so that the portion between 
the lines subtends a right angle at a fixed point 0. Prove 
that the locus of this line is a skew surface of the second 
order. 
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21. Obtain the differential equation of surfaces of revo- 
lution from the consideration that at every point of such 
surfaces one tangent line is perpendicular to the plane con- 
taining that point and the axis of revolution. 

22. Shew that if a section of a right conoid whose 
generating lines are parallel to the plane of xy be made 
by any plane parallel to that of ayy, the normals at points in 
the lines of section will meet the plane of xy in concentric 
hyperbolas. 

23. Prove that the general functional equation of the 
surfaces generated by a circle which always touches the axis 
of ^ at the origin may be written in the form 

^• + y' + i5« = 2c^/g), 
and that the differential equation is 



CHAPTER XII. 

ON FOCI AND CONFOCAL QUADRICS. 

152. A FOCUS of a conic section is a point such that the 
distance of any point on the curve from it can be expressed 
as a linear function of the co-ordinates of that point. 

There are certain points which have analogous properties 
in reference to quarries, and which may therefore be caUed 
foci of quadncs. 

153. For instance the equation of the ellipsoid is 

^ + 2^ + ^ = 1 (1) 

where we will suppose a, b, c in descending order of magni- 
tude. Also let e^, c,, e^ be the excentricities of the sections 
of (1) by the planes of yz, zx, xy respectively. 

The co-ordinates of the focus of the section by the plane 
of xy are oe,, 0, 0. The square of the distance of any point 
(a?, y, z) in (1) from this focus 

= {ejc — e'z — a){e^ + ez — a), if e' = — ^ . 
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Hence the square of the distance of any point on (1) 
from the focus of the section of (1) by the plane of xy is 
equal to the product of two linear functions of the co-ordi- 
nates of the point. 

Or, geometrically, we may say that the square of the 
distance of any point on the quadric from the focus of the 
section of the quadric by the plane of xy, is proportional to 
the product of the distances of the point from two planes 
whose equations are 

ejC'-e'z — a — O (2), 

e^ + ez-a^Q (3). 

These two planes intersect in a line whose equations are 
2: = 0, CgO? — a = 0, that is in the directrix of the section of 
the quadric by the plane of xy. 

Similar properties hold for the foci of the sections of the 
quadric by the planes of yz and zx, but in these cases the 
two planes corresponding to (2) and (3) axQ impossible, 
though their line of intersection is real. 

154. These points are not however the only points which 
have the same property. We will examine the conditions 
which must be satisfied by the co-ordinates of any point, in 
order that the square of its distance from any point on a 
given central quadric, may be proportional to the rectangle 
contained by the distances of the latter point from two 
planes, real or impossible. 

K Of, )8, 7 be the co-ordinates of such a point, we must 
have the expression (a? — a)*+(y — /8)* + (2r — 7)' identically 
equal to 

for all values of x, y, z which satisfy the equation of the 
quadric ; a', /8', 7' being the co-ordinates of any point in the 
line of intersection of the planes. 
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Let the equation of the quadric be 

ila^ + 5y'+C2^ = l (1). 

Then the equation 
(^-a)»+(y-i8)»+(z-7)« 

must be satisfied by all values of a?, y, z which satisfy (1). 

This can only be the case when the two equations are 
identical, and as first conditions for this the coefficients of 
yzy zx and xy in (2) must vanish. We thus get 

mn + nm = 0, nV + n*l = 0, Im + tm = Oj 
which can only be satisfied by one of the sets of conditions 



m n 

n I 
or n =s 0, w = 0, -7 = 



» •••••••••••••••••• I O J« 



If we take the second set of these equations and put 
Y'^Jf, the equation (2) becomes 

(a-a)»+ (2r-/3)»+ {z-if-W{x-a!)*-{-kn\z-iy=0 (4). 

Comparing the remaining terms of the second d^ree 
with those in (1) we obtain 

1-W _ 1 _ l + ha* 
ABC' 

or W* = l-^, ibi» = 2-l (5). 
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And by comparing the terms involving a?, y, z, and the 
constant term in (4) with the corresponding terms in (1) we 
have 

a-WV^O, ^ = 0, 7 + *7iV = (6), 

a* + /S" + 7'-^^'a'» + AriV" = -^ (7). 

And substituting for a', 7' from (6) in (7) we obtain by help 
of (5), 

■rT+T^-> («)• 

A B G B 

The equation (8) combined with )8 = gives a conic 
section in the plane of zx^ all the points on which may be 
considered as foci of the quadric. This curve is called a focal 
conic of (1). 

155. The equations (6) give values of o[ and 7' cor- 
responding to any particular focus (a, ^8, .7). These values 
determine the position of a straight line which we may call 
the directrix corresponding to that particular focus. 

The directrices corresponding to the different foci lying 
on the conic (8) all lie on a cylinder whose equation will be 
found by eliminating a and 7 between (6) and (8), to be 

156. The other conditions in (3) will similarly give us 
two other focal conies in the planes of xy and yz whose 
equations are 

"* +1-^ = 1 (9), 



jL_JL Jl_Jl 

A G B C 
'^ +^=1 (10); 



BACA 
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and corresponding to any focus there will be a directrix per- 
pendicular to the plane in which the focal conic lies. 

Of these conies, whatever be the signs and relative mag- 
nitudes of -4, 5, (7, one will be an ellipse, another an hyper- 
bola, and the third an impossible locus. 

157. For instance, in the ellipsoid whose equation is 

a c 



the equations of the focal conies wiH be 

"i+ia — 2 = 1 i^ ^^ plane of «?y, 






a? ^ 



o 12' 31 L2 — -'• •••••••••••••••••••• ZXf 

trr;^« + ^^ir^=l yz. 

And if we assume a, b, c to be in descending order of mag- 
nitude, the first of these is an ellipse the extremities of 
whose axes are the foci of the sections of the original 
ellipsoid by the planes of yz and zx: the second a hy- 
perbola with its real axis in the axis of oc, the extremities 
of this real axis being the foci of the section of the ellipsoid 
by the plane of wy : while the third is altogether an im- 
possible locus. 

Similar results may be obtained for the two hyper- 
boloids. 

158. The focal conies of a cone 

Ax^ + Bf + Cz^^O (1) 

can be deduced from those of a central quadric 

Aa? + By'+ Cz^^X (2), 

by putting \ equal to zero. 
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A. B C 

The focal conies of (2) would be, writing —-, --, - in- 
stead of A, B, C in the formulae (8), (9), (10) of Articles 
154 and 156, 



A» A» A» A. 

A~B G~B 



A A» A» A» 

A~C B~C 



A Ar A« A 

Or, multiplying these equations by \ and then making \ 
to vanish, the focal conies of the cone (1) become 

A B C B 



A C B G 



BACA 

Of these, whatever be the signs of 

11 J._J^ 1^1 

B C C A' A B' 

one will give two straight lines, and the other two give a 
point, the vertex. 

159. To find the focal conies of the paraboloid 

By'+C!j»=a; (1), 
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we must as in Art. 154 make the equation (1) identical with 

The first conditions for this identity are the same as 
equations (3) of Art. 154, and if we take the second of those 

conditions and put j = k, equation (2) becomes as in that 

Article 

And since (1) contains no term involving a^ and no con- 
stant term, we get 

and by comparing the remaining terms in the two equations, 
we have 

l + ibi' _l_ 2(a-ifcPgO 
C ^5~ 1 

^ = 0, 2(7 + fe»V') = 0; 
and thus we get for the locus of the foci the two equations 

/3 = and a' + 7'-(a- ^y + ^!^=0, 
or 

and i8=oJ 

By taking the third of the conditions (3) of Art. 154 we 
shall similarly get another focal conic in the plane of xy 
whose equations are 

7=0, 



-B/3* 1/ J.\ 



The first of the conditions (3) of Art. 154 is in this case 
inadmissible inasmuch as (1) contains no term involving a?. 
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Thus in this case the focal conies are two parabolas whose 
vertices are the foci of the sections of the surface (1) by the 
planes of coy and zx, 

160. Two central quadrics 

A'a!' + £y+C'z' = l, 
will have the same focal conies if 

£ 0~£' CO A~ C A' 
or as we may write the conditions, if 

1 1^ i_J__l 

A A'^B B'J}' 

Two quadrics whose equations satisfy these conditions are 
called confocal quadrics. 



1 

A 


1 


1 

• — 

'A' 


1 

B" 


1 








6"- 









Thus if the equation of an ellipsoid be 

a b c 



(i)> 



all surfiices whose equations are of the form 

where k is any quantity positive or negative, are confocal 
with the ellipsoid* 

161. If a, fi, 7 be the co-ordinates of any point, we can 
find the equation of a surface passing through (a, fi, y) and 
confocal with (1) by determining k from the equation 

^IFTk'^V+k'^JTk''^^^ (3)» 

which is the condition that (2) should pass through the point 
(a, )8, 7). This equation is a cubic in k, of which it can be 
shewn that the roots are all real. There are therefore three 
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quadrics confocal to (1) which pass through the point (a, /9, 7), 
of which one can be shewn to be an ellipsoid, and the others 
to be hyperboloids of one and two sheets respectively. 

162. Any two confocal quadrics intersect at right angles 
at all points where they meet. 

For let X, y, zhe the co-ordinates of any point common to 
the two quadrics 

i^i^i-^- ('). 

a? 1^ 2* 
'AVk'^B+k'^CTk"^ (^^• 

The equation of the tangent plane to (1) at the point 
(x,y,z)k , ^ , 

A^ B ^ G '^•^''" 

And the equation of the tangent plane to (2) at the same 
point is 

x'x y'y ^'z __ - . . 

ATlc'^BTk'^C+k'' ^^^• 

But from (1) and (2) by subtraction we obtain at all their 
points of intersection 

which is the condition that (3) and (4) should be at right 
angles to each other. 
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1. Find the equations of the focal conies of the quadric 

2. Find the equations of the quadrics confocal with the 
quadric 

which pass through the point (1, 1, 1). 

3. Find the locus of the points of contact of tangent 
planes drawn from a point in the axis of a? to a series of con- 
focal surfaces whose axes coincide with the axes of co-ordi- 
nates. 

4. Shew that the surfaces 

**" "T 3 * 1.2 "" ■*> 

a ax — a cw? — o 

^ +y+ I =1 



intersect everywhere at right £«igles. . 

5. Shew that if the foci of the principal sections of two 
paraboloids coincide, their focal conies will also coincide. 

' 6. Extend the proposition of Art. 162 to the case of two 
confocal paraboloids. 



A. G. 1 



o 
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163. Two surfaces axe said to have contact of the first 
order at aiiy point where they meet when they have a com- 
mon tangent plane at that point. The necessary and suffi* 
cient conditions for this are that for the same values of x and 

y the values of z. j- and j- shall be the same for the two 

ax ay 

surfaces. 

Two surfaces are said to have contact of the n*^ order at a 
point where they meet when the sections of the two surfaces 
by every plane passing through that point have contact of the 
71*^ order. This we will prove to be the case if the sections of 
the surfaces by all planes which contain any given straight 
line through the point of contact not lying in the tangent 
plane have contact of the w*^ order. 

For let the common point be taken as origin and the 
given line as axis of z. Let the equations of the two surfaces 

^^/(a'.y) .(1). 

'' = F{x,y) (2). 

Expanding (1) and (2) we obtain 

(df\ , (df\ , . 1 / <2 . <i\" ^ , /m 

dF\ fd^ \ f d d\ 



''-\dx 



'+(Dj'+-+^("'e+4)"-''-^--<*'' 
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where z^ and z^ axe the ordinates of the two surfaces corre- 
sponding to the same values of x and y; and in the quantities 

;r- , -7- , ... a? and y are put equal to zero after the diflferen- 

tiiot are performed. 

Now since all sections of (1) and (2) by planes which con- 
tain the axis of z have contact of the n^ order, the diflference 
of Z' and z^ must be of the (w + 1)*^ degree in x and y. Hence 
we have 



^^^ ^=^ ^=^ jy^^ 

dso dx* dy dy* do? da?^ dxdy dxdy' '" 
rfy_^ drf _ d'^F \ 



...(5). 



If now the axes be changed in position, the origin remain- 
ing the same, since the new co-ordmates x\ y\ z^ of any point 
are linear functions of the old co-ordinates, it is clear that any 

differential coeflScient of the form , ,^ , ,, can be expressed in 

terms of the differential coefficients of z with respect to x and 
y of orders up to but not exceeding the (r + s)^. Hence if the 
differential coefficients of z with respect to x and y for one 
surface, up to those of the v!^ order inclusive, be respectively 
equal to the corresponding quantities for a second surface, the 
same will be true of the differential coefficients of z' with 
respect to ad and y\ that is, if conditions (5) be satisfied for 
two surfaces with any one set of axes, they will be also satis- 
fied with any other set of axes. 

Thus if the sections of the two surfaces (1) and (2) by all 
planes through the axis of z have contact of the rl^ order, so 
wiU their sections by all planes through the common point. 

The conditions that two surfaces should have contact of 
the f^ order at a given point are therefore that the values of 

dz dz d^z d^'z d^z 

^' ^' d^''"d^' dx^'-'dy^'^'df* 

should be the same for the two surfaces for the given values 
of" a? and y, 

13—2 
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164. If two surfaces t(yuch at a given point and the 
sections by a plane through the normal and a/ny tangent line 
have c(mtact of the second order, then all sections by planes 
through the same tangent line have contact of the second order^ 

Take the common point as origin and the common normal 
as axis of z. Then, z =f{x, y), z = F(x, y) being the equa- 
tions of the two surfaces, the values of -f^ , -^^ , -^- , -.^ 

ax ay dx ay 

vanish at the origin and the equations of the surfaces can be 
put in the form 

z = aa^ + bay + cf+ , (1), 

z^Aa^+Bxy-j-Cy'-i- (2), 

where a, 6, c are the values of i-rn » j i > iv^ at the 

^ oar dxdy dy 

d^W fl^W fPW 

origin, and A, B, G those of i ^ . ^^, \-^. 

Also if the given tangent line be the axis of a?, the sec- 
tions by the plane of zx have contact of the second order, and 
we have a = -4. 

Consider now the sections by a plane through the axis 
of X whose equation is 

y^mz (3), 

we have for a given value x. of x, in the one surface 

z^ = ax^ + bx^^+cy,^+ ... , 

and in the other 

z^-=Ax^^+Bx^^+Cy^^ + ...l 

.-. z,-z^^x^{by^'-By^-Vcy^^Cy;+... 

But «,, z^ being of the second degree in x^, y^ and y^ are so 
also by (3), and therefore x^ (by^ - By) is of the third degree, 
and therefore z^ — z^ is of the third degree in a?,, and the 
sections of the two surfaces by (3) have contact of the second 
order. 

Similarly if two surfaces have complete contact of the 
{n - 1)*^ order at a given point, and the sections by- any plane 
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through the normal and a given tangent line have contact of 
the vr order, then all sections by planes through this tangent 
line have contact of the w*^ order. 

165. From the proposition proved in the last article it 
follows that if jB be the radius of curvature of any normal 
section of a surface, R cos 9 is the radius of curvature of an 
oblique section through the same tangent line inclined at an 
angle to the normal section. For if a sphere whose radius 
is B be described touching the surface at the given point, 
the normal sections of this sphere and the surface through 
the given tangent line have contact of the second order and 
therefore also any oblique sections. 

But the radius of curvature of the oblique section of the 
sphere is obviously R cos ; hence the radius of curvature of 
the oblique section of the given surface is also R cos 0. This 
proposition is called Meunier's Theorem. 

166. If the tangent plane at any point be taken as the 
plane of xy and the point of contact as the origin, we have 
seen that the equation of the surface can be put into the 
form 

2r = aaj* + 6^y + cy* + (1), 

where the remaining terms are of a higher degree than the 
second. 

Consider the section of this surface by a plane through 
the axis of z whose equation is 

y^x\axL0 (2). 

The radius of curvature of this section is the limit of 

^ when the values of x and y are diminished indefi- 

nitely. Hence if p be this radius, we have 
1 _. asf -f hxy + cy^ + Aaf 

o + 6 tan + c tan*ff + Ax 
^^^ H-tan*d 

— acos*^+6an5cosd + csin*^ (3). 
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If we construct the co&ic section whose equation is 

aof + hxy-\-cj^=^l (4), 

it is evident from (3) that the square of any radius vector of 
this conic represents the diameter of curvature of the section 
of (1) by a normal plane passing through this radius vector. 
This conic section is called the indicatrix of the surface at 
the given point. 

If in (1) we suppose x and y so small that the terms on 
the right hand after the third may be neglected, we get 

z = aa?+bay + cy^ (5). 

The curve in which this surface is cut by a plane z==k 
parallel to the plane of ^ is similar and similarly situated 
to (4). Hence the indicatnz at any point of a surface may be 
defined as a curve similar and similarly situated to the limit 
of the curve in which the surface is cut by a plane indefi- 
nitely near to the tangent plane at the given point. 

167. By choosing the axes of x and ^ so as to coincide 
with the principal axes o( the indicatrix the equation (4) of 
the last article assumes the form 

-4a?' + 0y* = l (1). 

Also the radii vectores drawn in the directions of the 
principal axes are respectively the least and greatest radii 
of the curve. Hence the normal sections for which the 
radius of curvature is least and greatest respectively, pass 
through the principal axes of the indicatrix. The radii of 
curvature of these sections are called the principal radii of 
curvature at the given point, and the sections themselves, 
the principal sections. 

Let R and -ft' be the principal radii of curvature, p and p' 
the radii of curvature of any other sections at right angles, 
which we may take to be the sections through the axes of x 
and y in equation (4) of the last article. Then 



^ -A 


^ -C 


1 


1 
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But A+ C^a-i-c. (Todhunter's Conic Sections, Art 
274.) 



And therefore 



i+i=^+^ (2). 



Also if the section whose radius of curvature is p be in^ 
clined at an angle to the principal section whose radius 
is M, we have from (1) 

~^Acos'd+Gmi^0; 
Zp 

.%-=4cos'd + -Jrsin'd (3). 

p M It ^ 

We can thus obtain the radius of curvature of any normal 
section if we know those of the principal sections, and by 
Art. 165 we can deduce that of any oblique section. Hence, 
if we know the principal radii of curvature at any point of a. 
surface, the curvatures of all sections of the surface at that 
point are known. 

168. To find the radius of curvature of any normal 
section of a surface at a given point ' 

Let the equation of the surface be 

F{x,y,z)=:0 (1), 

and let a?, y, ^ be the co-ordinates of the given point P. Let 
l,m,nhe the direction-cosines of the tangent line at (x, y, z)> 
through which the cutting plane passes. Also let x-^a, 
y + ^,z +7 be the co-ordinates of a point Q in the curve of 
section near to P. Let QR be drawn perpendicular on the 
tangent plane. Then, by Newton, the radius of curvature 

PQ" 

of the section is the limit of ^^ when Q is made to ap- 
proach indefinitely near to P. 

But the equation of the tangent plane is 

(-'-)S^+(^-2')f+(^--)f=0 ••••(2). 
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Hence 



QB^ 






with the notation explained in Art. 100, 
And P<2*=a»+/3» + 7*. 

The radius of curvature is therefore the limit of 



* • 2(a?7+/87+7F) 
But since the point (aj+a, y+/9, ^+7) is on the surface (1), 

Jf'(aj + a, y + A £^ + 7) = 0, 
or expanding, and remembering that F{x, y, z) = 0, 

a Z7+y8F+7 Tr+ 5(c^M+/8't;+y«^'+2^7w'+27at>'+2ay8tt?')4-. . .=0. 
Whence the above expression becomes 

o^u + ^v + r/w + 2^yu' + 2^2v + 2a^w' + ... 

where the remaining terms in the denominator axe of higher 
dimensions than the second in a, fi, 7. 

Now, by Newton, the angle between JPR and PQ di- 
minishes indefinitely as Q approaches P. Hence we have 
ultimately 

I fn ft 

And making these substitutions and diminishing a, ^, 7 in- 
definitely, we obtain for the radius of curvature 
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169. The principal sections are those for which p is a 
maximum or minimum. Hence we have to make the ek« 
pression 

iiP + vm* + vyf? + 2w'mn + 2t?'wZ + 2w7m (1) 

a maximum or minimum by the variation of I, m, n, which are 
connected by the relations 

P+m* + n' = l (2), 

m+ Vm+ Trw = (3), 

the latter expressing the fact that the line whose direction- 
cosines are Z, m, n lies in the tangent plane at the point 
(a?, y, z). We shall denote the expression (1) by the symbol h, 

DiflTerentiating (1), (2) and (3) and using undetermined 
multipliers, we obtain 

ul+w'm + vn + kl + k'U=^0 (4), 

fD'l+vm+u'n + km + k'V:=:0 (5), 

v'l + u'm + wn + hi + k'W==Q (6). 

Multiplying (4) by I, (5) by m, and (6) by n, and adding, 
we get 

h + k=-0 (7). 

And the three equations (4), (5), and (6), become 

(u — A) Z + v/m + vTO = — k' Uy 
v/l + {v-h)m + un = '-'k'V, 

whence 

^ "* " ...(8). 



u. 


w', 


t/ 


V. 


v—h, 


u' 


w. 


«', 


tO-'h 





m 




u, 


V' . 


u — h 


V. 


«' , 


w' 


w, 


w—h, 


t/ 



u, 


U — h, 


w' 


V, 


fc' , 


v — h 


w, 


v' , 


u' 



Substitutiiig in (3), and redacmg 
lPUv^h){v}-h)-u'*}+r{{w-h){u-h)-v'*] 

+ %VW [v'vf -»'(«- h)] + 2 WU[w'u' -«'(«- h)\ 

+ WV[u'v' -V)' (w- A)} = 0...(9). 
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From (9) we obtain two values of h and therefore of 
p, and from (8) we deduce the corresponding values of 

170. The formulsB of the last two articles are somewhat 
simplified if we take the unsymmetrical form of the equa- 
tion of a surface 

or fioc,y)^z = 0. 

The reductions may be effected by the substitutions 

w = r, v == ^, w = 0, 

w' = 0, v' = 0, to' ^8. 

Moreover, instead of determining the tangent line through 
which the section is made by its direction-cosines, it is usual 
to determine it by its projection on the plane of osy, whose 
equation we may assume to be 

y'-y^mix'^-x) (1). 

The direction-cosines of the line of intersection of this 
plane with the tangent-plane at (a?, y, z)^ whose equa- 
tion is 

p (aj'-ic) + j (y'-y) - i/-z) = 0, 

are proportional to 1, m, p + gm, respectively. 

The value of p becomes with these substitutions equal to 

Vl+j>'+g'{l+j)' + 2;7gm+(lH-g')m'} 

r + 28m + tw? . * 

171. The result of the last article can be obtained inde- 
pendently. Let a sphere be described having contact of the 
first order with the given surface at (a?, y, z), and let the 
sections of the surface and the sphere by the plane (1) have 
contact of the second order. Then the sections of the sur- 
face and the sphere by a normal plane through the line 
in which (1) cuts the tangent plane will, by Meunier's 
Theorem, have contact of the second order with each other. 



\ 
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and the radius of the sphere is therefore the radias of 
curvature of the section required. 



Let the equation of the sphere be 

(Z - o)» + (F - by + {Z- ef = p* 

iT-h) + {Z-c)^ = o\ 



(2); 



(3), 



= 



dZ dZ .- . d^Z - 
dX'dY'^^'^'^^dXdY^^ 

But at the point (x, y, z) 

Z.^ „ dZ dZ 



(4). 



dX 



dY 



since the sphere and surface have a common tangent plane. 
Also since their sections by the plane (1) have contact of the 
second order, the values of z in terms oiaf — x, ij — y for the 
sphere and surface must coincide sis far as terms of the second 
degree in aj'-a;, y'-y for points lying in the plane (1), 
whence we obtain 



dX 

We deduce from (3) 

x—a_y—h_z—c_ 



- 1 ^/l +i)« + 2* ' 



and from (4) 



(fZ 1+p* d^Z _ pq d^Z l + g* 
dX'~7-7' dXd7~c-z' dY*''c-z' 
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Whence from (5) 

^ 1 +;>* + 2pym + (I -f gQ m* 

and 

.-. p = jiww- ' ^^' ""It 1 1' t ^'^ "' (6). 

The equation which gives the sections of greatest and 
least curvature at any point is obtained by making this 
expression for p a maximum or minimum by the variation 
of m. Whence 

-{8 + tm) {1 +_p' + 2pqm + {l + g") m'} = 0, 

or m*{«(l+3^-i)jf} + m{r(l + g«)-^(l+/)} 

+ {i)5fr-s(l+2?")} = (7), 

172. It may happen that at certain points of a surface 
the two principal radii of curvature become equal. It follows 
from Art. 167 that the radii of curvature of all normal sec- 
tions at that point are equal, the indicatrix in this case being 
a circle. Such a point is called an umbilicus. 

The conditions for the existence of an umbilicus can be 
deduced from the consideration that at such a point the 
expression 

wP + twi* + wm-*+2wwn + 2!;W + 2w7m (1), 

must retain the same value for all values of I, m, n consistent 
with the conditions 

Ul+ rm+ Wn-=-0 (2), 

P+m*+n" =1 (3). 

From (2) tPP + irm*+2Unm = PPw»; 

/. Mm = [ ^y: . 

Smiilarly, 2nl = ^r^: , 

2mn = yy^ . 
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Whence, substitutmg in (1), the expression 
- f TPu' W Uw'l . , f , FV Vw' F«'] 

^r+w-F— F-r"* r+ w— r-F-} 

, , f . TF V Wu' Win 

mast have the same value for all values of I, m, n consistent 
with (3). 

This gives the conditions 

= w +-^ { W- Uu-Vv] (4). 

If the equation of the surface be of the form 

u' = 0, t;' = 0, w = 0, and equations (4) become 

tis=t; = t/7 (5). 

If t^ V or W vanish the investigation fails. Suppose 

tr=o. 

V 
Then Fm+Fw«0, or n=-Tj^w, 

and the expression (1) becomes 

which must remain constant for all values of m and n con- 
sistent with the relation 



.Z' + m«(l + ^) 



Hence PFM/-Ft»' = 0, 

F'w iuV 

and M= p * ya^. |f^« W- 

1+ >P 
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Similarly if F=0 or Tr=0 the requisite conditions may 
be deduced. In these cases, three conditions have to be 
satisfied by x, y, z beside the equation of the surface, which 
will not generjdly be consistent. 

The conditions for an umbilicus when the unsymmetrical 
form of the equation of a surface is used may be deduced 
from the consideration that the value of p in Art. 171 must 
be independent of m^ We thus get 

173. The conditions for an umbilicus can be obtained 
in a slightly different form. 

K ft is the value of the expression (1) for all values of 
I, m, n consistent with (2), it is evident that the ex* 
pression 

ttP + vm* + wv? + 2u'mn+ 2v'nl + 2u/lm 

-A(P+m» + w») (1) 

must vanish for all values of I, m, n consistent with (2). 
Hence Ul + Vm + Wn must be a factor of (6), The other 
factor must be 

and multiplying these factors together and equating co- 
efficients of mn, tU and 2m as in Art, .49, we have 

and two siiuilar equations, whence 

WS) + Tw- 2u'VW 



A- 



V*u+lPv-2w'Ur 



lPv>+W*u-2i{WU , 

1^, y« by qrmmetry. 



= (1), 
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174. Lines of GurvcUure, 

A line of curvature on any surface is a curve such that 
the tangent line to it ai amy point coincides mth the tangent 
line to one of the principal sections at tha;t point 

The differential equation of such lines is obtained by- 
substituting ^> ■£> ^^or I, m, n respectively, in the 

equations which determine the directions of the principal 
sections in Art. 169. From the equations (4), (5) and (6) of 
that Article we have, eliminating k and &', 

ul + w'm+ v'n, I, U 
w'l+ vm +u^n, m, V 
vl + w'w + ton, n, W 

J 1 • » -i dx dy dz ,. , 

and replacmg ^ w, n by -j- , -^ , -v- , respectively, we get 

the differential equation of the lines of curvature. 

The differential equation of the projection of the lines of 
curvature on the plane of an/ is obtained by writing -^ for m 
in the equation (7) of Art. 171» • 

175. A line of curvature is sometimes defined as a curve 
such that the normals to the surface drawn at any two con- 
secutive points of the curve intersect each other. This defi- 
nition leads at once to the equation (1) of the last Article. 
For the equations of the normal at a point (x, y, z) are 

u " r ^ w ^"^' 

TJie equations of the normal at a point (x + OL,y + fi,z + y) 
are 

x'—x-^a y — y — /8 

U+ua^wfi + v'y + ...'^V+w'a + v^ + uy + ... 

z —0 — 7 



F + i^a + w'i8 + t£;7+... 



(3), 
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where the remaining terms ixx the denominators contain 
higher powers of a, /8, 7. 

The condition that (2) and (3) should intersect is by 
Art. 31, 

F+w;'a+ V/8 + W7 + ..., V, fi sarO, 
W+va'\-u'^ + wy+..., W, y 



whence 



tui + w'fi + vy, U, a 
w'a^ vfi +^7, F, y8 
v'a + ufi + v)y, W, y 



(4). 



dsR dii dz 

but tiltimately a, /9, 7 are proportional to -r-, t^, t-> 

respectively, and the equation (4) reduces to the same 
as (1). 

176. The radii of curvature at any point of a quadric 
can be obtained from the preceding formulae. Some of the 
results are so simple and important that they deserve ^a 
separate consideration. 

Si^ce all parallel sections of a quadric are similar, it 
follows that tne indicatrix at any point of such a surface 
is similar and similarly situated to the section of the quadric 
by a plane through the origin parallel to the tangent plane 
at the given point. Hence the tangents to the lines of cur- 
vature at any point are parallel to the axes of the section 
by this plane, and the umbilici are the points at which 
tangent planes can be drawn parallel to the planes which 
give circular sections. 

• 

The equation of the tangent plane at any point (a, ^, 7) 
to an ellipsoid whose equation is 

or b c 



IS 



a*. ■*" b' ^ c" "" ' 
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If this plane be parallel to either plane of circular section 
we have 

,1— =f = 7 by Art. 65, 

and since {a, y8, 7) is a point on the ellipsoid, each of these 
ratios = + , 

Hence the ellipsoid has four umbilici whose co-ordinates 
are given by 

177. If a tangent line be drawn to a surface of the second 
degree at the extremity of the axis of any plane section of 
that surface and lying in the cutting plane, the axis of the 
section and this tangent line are at right angles. This tan- 
gent line to the quadric is therefore also a tangent line to a 
sphere described with the origin as centre, and the length of 
the semi-axis of the section as radius. 

Let the equation of an ellipsoid be 

^'44-' <!)' 

and let a sphere be described with the origin as centre and 
any radius k. The equation of this sphere is 

fl;» + 2^ + ^ = A:»., (2). 

The equation of the cone formed by straight lines joining 
the origin with all the points of intersection of (1) and (2) is 
therefore 

For this equation does represent a cone whose vertex is 
the origin and being satisfied by all values of w, y, z which 
satisfy both (1) and (2) represents some surface passing 
through their intersection. 

Now every plane which passes through the origin and any 
tangent line to the curve of intersection of (1) and (2) is evi- 

A.a 14 
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dently a toDgent plane to tbe cone (3). Hence if we draw a 
tangent plane to (3) along any generating line OP^, OP^ is one 
axis of the section of (1) noade by this plane. Let 012 be 
the other axis and Q be the point of (1) at which a tangent 
plane can be drawn to (1) parallel to this section, then OQ 
IS conjugate to the catting plane and OP^ is conjugate to the 
plane through OQ and OIL 

The tangent to one line of curvature at Q is parallel to 
OR, and consequently lies in the plane QOR which is diame- 
tral to OP^. 

Let OPy OP^f OP^ be three consecutive generating linfes 
of the cone (3); OQ, OQ. the lines conjugate to the planes 
POP^, P^OP^ which are ultimately consecutive tangent planes 
to the cone (3). Then since 0P^ lies in a plane which is dia- 
metral to OQ, and also in a plane diametral to OQ^, the 
plane QOQ^ is diametral to OP^ and therefore coincides with 
QOR, and the line joining QQ^ is ultimately parallel to OR 
and therefore is the tangent Ime to one line of curvature 
which passes through Q. Hence one line of curvature through 
the pomt Q is the locus of the points at which tangent planes 
can be drawn to (1) parallel to the tangent planes to (3). 

Hence if Q be any point on an ellipsoid, and r, h the 
semi-axes of the central section which is parallel to the tan- 
gent plane at Q, the axis k is constant for all points on the 
line of curvature whose tangent at Q is parallel to r. But if 
p be the perpendicular on the tangent plane at Q, 

• * 

prk = abc Art. 75, equation (3), 
and therefore P^ = "jr ~ constant. 

178. The equation of any tangent plane to (3) is 

lx+my' + nz'=^0 (4), 

where I, m, n are connected by the relation 



= (5); 



(See Chapter viii. Ex. 24.) 
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and the equation of a tangent plane to (1) at the point (x, y, z) 
is 






a 



(6). 



Hence if (6) be parallel to (4) 



or from (6) 



x^ y" , z' 



1 + 



5 + 



"~F *~P *^~P 

and subtracting this firom the equation 



s=o, 



a' 



+ 



1 + ^=1 

W ^ «a ~ -^J 



we get 



s? ^ ^ ^ 

• M 1-2 ' -2 1-2 -^l 



a^-ie^V-lf^e-lf 



which shews that the lines of curvature on an ellipsoid are its 
curves of intersection with confocal surfaces. 



179. In the ellipsoid 



T^ 2z 



tt = 



.2 ' 



t^ = p, 



w — 



tt'=o, v'=o, tt?'=a 



Hence the differential equation of the lines of curvature is 

1 dx X dx 

a'^dS' a*' ds 

Idy y dy 

Vds' V' ds 

1 dz z dz 

?d^' ?' ds 

14—2 



= 0, 
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a? y* !? 



180. Taking the equation 
we have at the points where it meets the ellipsoid 



(1). 



^ + 2.' + ^=l 



(2). 



by subtraction 



y 



a* {a*+k)'^V{b*'^-k) '^<?{(^ + k) 



=0. 



(3). 



Also by diflferentiating (1) and (3) we obtain 

dx dy dz 
ds , ^ ds ds _^ 



W. 



X 



d^ 
ds 



^ ds 



z 



dz 
ds 



a-(a» + A;)"^6-(6" + A;)"^c*(c« + Ar) 



«0. 



(5). 



= 0. 



(6), 
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And from (3), (4) and (5) eliminating ^j^ , ^—j^ , j—^ 

we obtain 

^ 'it t^ 

a" i^* ? 

da; <?y dz 

oj rffl? y dy z dz 
c?di' Fds' ?ds 

which is the same as equation (1) of the last Article* 

Thus we obtain an independent proof of the fact that the 
lines of curvature on an ellipsoid coincide with its curves of 
intersection with a series of confocal quadric9. 
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181. If we denote by I, m, n the direction-cosines of the 
tangent to either line of curvature at the point (x, y, z) on the 
ellipsoid they must satisfy the equations 

|, + Xf+^i=0 (1), 

^ + X^ + A*p=0 .{% 

J + X7i + /i*J-0 .-(3). 

which are obtained from the equations (3), (4) and (5) of the 
last Article by the use of undetermined multipliers X and /i. 

But if r be the central radius vector of the ellipsoid paral- 
lel to the tangent line considered, and p the perpendicular 
from the centre on the tangent plane to the ellipsoid at the 
point {fc, y, z), we have 

p-^^F"'"? ^*^' 

p'^a^^h'^o' (^^• 

Also from the equation of the ellipsoid, by differentiation 

r._lx my nz 

^""^^"^■y "*■?" W- 

Differentiating (6), we have by means of (4) 

dJt dm dfi 
1 ^Ts ^ ds ^1<t 

?-+-#+T^ + -:^=<>- (7). 



Multiplying (1) by ^ , (2) by ^ and .(3) by 4 ^^ adding 
we have 
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or using the result obtained by differentiating (5), 

Agam, multiplying (1) by ^, (2) by ^ , (3) by ^ and 
adding, we have by (7) and (4) since also P + m* + n* — l, 







Thus we obtain 


1 dp_^ 1 dr 
pds r ds' 


or 


dp , dr ^ 




,'. |>r = constant. 



182. A few propositions must be added concerning a 
class of lines of great importance, namely geodesic lines. 
These may be defined as follows : 

A geodesic line on a surface is stick that every small ele- 
ment PQ is the shortest line thai can be drawn on the surface 
between F and Q. 

The general equation of geodesic lines on a surface 

can be obtained by the help of Meunier's Theorem. 

For if PQ be two points on a geodesic Kne, so near to one 
another that the arc between them may be considered as a 
plane curve> the length of PQ will be least when the curva- 
ture of the curve is leasts or when the radius of curvature of 
the small arc PQ is greatest. But this will be the case when 
the section of the surface by a plane through the element 
PQ is a normal section. Hence the osculating plane at any 
point of the curve must contain the normal to the surface at 
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that point. But the direction-cosines of that normal to the 
curve which Kes in the osculating plane are proportional to 

d^x 6^ d^z 
W' ds^' d?' 

and the direction-cosines of the normal to the surface are pro- 
portional to 

dF dF dF 

dx' dy * dz * 

Hence for all points in a geodesic line 

d^x d^y d^z 
ds^ _Jd^ _d^ 

^^37 ""2? W. 

dx dy dz 

These equations can be also deduced by the Calculus of 
Variations. (Todhunter's Int. Gale. Art 351.) 

183. The equations of the last Article can be appUed to 
discover the forms of the geodesic lines on any surface. In 
the case of developable surfaces, this object can often be more 
simply effected by the consideration that when the surface is 
developed, the geodesic must become a straight line. Thus 
the geodesic lines on a right circular cylinder are easily seen 
to be helices. 

As an example in the case of a surface not developable, 
take the sphere 

a?+2^ + ^ = a" (1). 

The differential equations of the geodesic lines become 

d^x d^y d^z 
d? d? d? 

•^^^B SSS5 ■■■■ SS ^mm^ * 

X y z ' 
d^y cPz ^ 

dy dz ,-^v 
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Similarly, 

ciz ax ,«,v 

^ds-'ds-'^ <3>' 

dx dy ... 

^di-'^i-'' (*)• 

Multiplying (2) by x, (3) by y, (4) by z, and adding, we 
get . 

c^x + cj/ + c^z = (5), 

shewing that all geodesic lines are great circles. 
184. As a second example take the ellipsoid 

^+g+4=i - (1). 

a 6* c 

The differential equations of the geodesic lines become 

d^x cfy d^z 

d^ ^ds^ da^ .g.v 

X y z ^ ' 

a» F ? 

Now let p be the perpendicular from the centre on the 
tangent plane to (1) at the point (a?, y, z), and let r be the 
central radius of the ellipsoid drawn parallel to the tangent 
to the geodesic line at the point {x, y, z). 



Then L = ^+y!.?! 



1-1 /^V -1-1 /"^V If 



ds) 



•• p'ds^'a'da'^b'ds'^c'ds ^"^^^ 



__ 1 dr _ 1^ rfa? d^x ,}^dy d^y 1 dz d^z 
"^di'^a^dsd^'^b^did^'^^d^d? 



d'z 

"a 



= ft^ + |^ + £^^);fc (4), 

\a*cw b*d8 edsj ^ ' 

if k be put for each of the fractions in (2). 
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Now each of the fractions in (2) 

X cPx y d?y z d^z 

which by equation (7) of Artifcle 181 

1 

Hence from (3) and (4) 

dp ^ dr ^ 

whence 

^r = constant (5). 

This property is the same as that proved for lines of cur- 
vature, but the two systems of lines do not coincide. 

Let p be the radius of absolute curvature of the geodesic 
at any point. Then each of the fractions in (2) 



^/ 



Hence 



or p = ±- (6); 

.". p — h*, where h is some constant. 
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185. We shall conclude this subject with the following 
proposition, known as Dupin's Theorem. 

If there be three series of surfaces such that all the sur- 
faces of each series intersect those of the other series at right 
angles, then the lines of intersection of the surfaces of different 
series are the lines of curvature on the surfaces. 

Let be the point of intersection of three surfaces, one of 
each system. Take as origin, and the tangent planes of 
the three surfaces as co-ordinate planes. Let 8^, 8^ 8^ be 
the surfaces touched by the planes of yz, zx, xy, respectively, 
and let P, Q, R be points near in the curves of intersection 
of 8^ 8^] /Sg, 8^; /Sfj, 8^, respectively. Then since the surfaces 
/Sj, '8^ cut at right angles, the normals at P to these surfaces 
are at right angles. Also since OP is ultimately a tangent 
line to both of them at P, the normals at P are both perpen- 
dicular to OP which is ultimately the axis of x. Let 0^, 0^ 
be the angles which the normals at P to 8^, 8^, respectively 
make with the planes of zx, xy, respectively; <^j, ^j those 
which the normals at Q to 8^, SJ^ make with the planes of 
xy, yz, respectively, and ^jr , yjr^ those which the normals at 
Bio 8^, 8 ^ make with the planes of yz, zx, respectively. Let 
the lengths of OP, OQ, OB be a, fi, 7, respectively. 

Since the normal to 8^ lies in the tangent plane to 8^ the 
tangent of the angle whicn the normal to 8^ at makes with 

-J- J , the suflSx denoting the surface from 

which the differential coeflSicient is obtained. Hence the tan- 
gent of the angle which the normal to /S^ at P makes with 
the plane of a^ is . 



(: 



dz\ ^ d [dz\ . 



But 



(!).=»• 



• whence ^s ^ °^ rf" (d~) ^^*™^*®^y* 
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Similarly. ^a = ^|(|),' 

therefore — *=s^*, 

Similarly, ^» = ^^ ^ = |, 

•^ 0^. y y fi 

But since the normals to S^, S^ at P are at right angles, 

Similarly, ^^ + ^^ = 0, i^^ + i^^ — 0, whence 0^ = 0. 

Hence the normals to /Sf, at and P both lie in the 
plane of xy and therefore intersect one another, and therefore 
OP is the tangent to the line of curvature on S^ at 0» 
Whence the theorem follows. 



EXAMPLES. CHAPTER XIII. 

1. Find the quadratic equation which gives the principal 
radii of curvature at any point of an ellipsoid. 

Deduce the position of the umbilici. 

2. Find the umbilici of the surfaces 

(1) ocyz^a^ 
J «t A 

a c 

and find the value of the radius of curvature at the umbilicus 
in each, case, 

3. Find the equation of the projection of the lines of 
curvature of the surface ayz = a',, on the plane of acy. . 
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4 Deduce the formulae for an umbilicus 

first, from the consideration that the two principal radii of 
curvature are equal at an umbilicus; secondly, from the con- 
sideration that the directions of the lines of curvature at an 
umbilicus are indeterminate. 

6. Find the condition that the two principal radii of cur- 
vature at any point of a .surface may be equal in magnitude 
but opposite in sign. 

Find the points on the surface 

for which this is the case. 

6. Shew that if the origin be at an umbilicus and the 
normal at that point the axis of z, the equation of an ellipsoid 
may be put into the form 

a? + t^ + kz{z--a)'\- hyz + czx = 0. 

7. Any chord is drawn through an umbilicus of an ellip- 
soid, and its extremity is joined with the extremity of the 
normal at the umbilicus. J?rove that the locus of the inter- 
section of the joining line with the plane through the umbili- 
cus perpendicular to the chord is a plane. 

8. Prove that the lines of curvature of the surface 

-+-W + ::»=i 

a ax — o ax — c 

are circles, and that the plane of any one of them contains a 
fixed straight line lying wholly on the surface. 

9. Shew that pr is constant for all lines of curvature 
which pass through the same umbilicus of an ellipsoid. 

10. Shew that pr has the same value for all geodesic 
lines on an ellipsoid which touch the same line of curvature* 
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11. U and V are two adjacent umbilici of an ellipsoid, 
P is a^ point on the surface which is joined by geodesic arcs 
with U and V, Shew that the lines of curvature which pass 
through P bisect the interior and exterior angles between PU 
andPK 

12. If a point P move on an ellipsoid so that the sum or 
difference of the geodesic arcs PU, PV joining it with two 
adjacent umbilici of the ellipsoid is constant, shew that the 
locus of P is a line of curvature. 

13. Shew that at every point of a geodesic circle round 
an umbilicus of an ellipsoid 

where a, h, c are the semi-axes of the ellipsoid, > the central 
radius to the point, p the central perpendicular on the tan- 
gent plane, and d the semidiameter parallel to the tangent to 
the circle at that point. 

14. The normal at each point of a principal section of 
an ellipsoid is intersected by the normal at a consecutive 
point not on the principal section ; shew that the locus of the 
point of intersection is an ellipse having four real or imagi- 
nary contacts with the evolute of the principal section. 

15. From the differential equation of geodesic Unes in- 
vestigate the nature of the geodesies on a right circular cylin- 
der. 

16. Find the equations of the geodesic lines on a right 
circular cone; first, from the differential equations, and secondly 
from the consideration that when the cone is developed the 
geodesies become straight line& 

17. Shew that the distance of any point of a geodesic 
traced on a surface of revolution from the axis varies inversely 
as the sine of the angle between the geodesic and the meri- 
dian of the surface which passes through that point. 
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18. Find expressions for the principal radii of curvature 
at any point of a surface of revolution round the axis of oo. 

19. Prove that the product of the principal radii of cur- 
vature at any point of a prolate spheroid varies as the product 
of the squares of the distances of the point from the foci of 
the generating ellipse, 

20. Shew that the locus of the focus of an ellipse rolling 
along a straight line is a curve such that if it revolve about 
that line, the sum of the curvatures of any two normal sec- 
tions at right angles is tjie same at every point of the surface 
generated. 

21. If two surfaces cut each other at right angles, and li 
be the radius of curvature of the curve of intersection at any 
point, pj, Pj the radii t)f curvature of the normal sections of 
the two surfaces through the tangent line to the curve at that 
point, prove that 

22. If r, r' be the principal radii of curvature at any 
point of an ellipsoid on the Hne of intersection with a concen- 
tric sphere, shew that the e;spression '^ , is invariable. 

23. If a geodesic line be drawn on a developable surface 
and cut any generating line of the surface at any angle yjr and 
at a distance t from the edge of regression measured along 
the generator, prove that 

^+ecotf=p, 

where p is the radius of curvature of the edge of regression at 
the point where the generator touches it. 

24. Prove that if r be the distance of any point of a geo- 
desic from the origin, p the radius of absolute curvature, and 
p the perpendicular from the origin on the tangent plane to 
the surface, 
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25. The centres of curvature of plane sections of a sur- 
face at any point lie on the surface 

the axes being the tangents to the lines of curvature at 
that point and the normal, and p^, p^ being the principal radii 
of curvature. 

If these sections touch a right cone of semi- vertical angle 
a, about the axis of s, the centres lie on the elliptic paraboloid 

^ . y • t 

— + — a e sin" a. 

Pi Pt 



ANSWERS TO THE EXAMPLES. 



\ 



CHAPTER I. 

1. J^y 2 ^3 and J3. 

2. The length of each side is Jq. 

1 _2_ ^ 1 2 ? ^ 26 

'^' JU' JW JTi' *• T V -7' TJU' 

5. 90^ 6. |, |, 0; 0,|, |; |, 0, |. 

7 * ^ £ • 

'• 3' 3' 3' 



8. Z>^. = (|-0)%(0-|)\(i-|y = ^=i^^. 

9. If rj, fl,, <^,,^,, ^a, <^, be the polar co-ordinates of the 
points, the (dist.)* between them by Arts. (6) and (15) 

= (r, sinflj cos^j-r,sintf,cos<^J* 

+ (rj sin 0^ sin <^j - r^ sin d^ sin ^^)* + {r^ cos tfj - r, cos fl,)* 

= rj* (sin* flj cos' <^j + sin' 0^ sin' <^j + cos* 0^ 

+ r/ (sin' 0^ cos* <^, + sin* 0^ sin' <^^ + cos* 0^ 
- 2rjr, {sin tf j sin 0^ (cos ^^ cos ^^ + sin ^^ sin ^^) 

+ cos tfj cos 6?j} 

= rj* + r,* - 2rjr, {cos 0^ cos 0, + sin 0, sin 0, cos (^^ - ^,)}. 

10. r=4, fl = |, ^ = g. 

11. aj = l, y = ^/3, z = 2j3. 
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CHAPTER IL 

T OJ-l ^ Z-rS 



= 2) .=1/ -'-i^y-s^--^}; g, 2. 3. 

6. a.-l = -?^? = a;-3. 

7. Let (a, jS, y) ; (a , jS', y'), be the two points, Ix + my + nz =p 
the given plane. Then the required plane can hare its equation 
in the form 

A{x-a)+B{y--fi) + C{z-y)^0, 

and Ay B, C must satisfy the two conditions 

it(a'-a) + ^03'-i8) + (7(/-y) = O, AUBm + Cn = 0, 

whence 
A : B : C :: ^(/-y)- w 03'-)3) : w(a'-a) -Z(y-y) 

8. « = 3, a; + y = 3. 

9. Let \l (a; - 2) + Biy-S) + C(« - 4) = represent the 
plane required ; 

.-. il(l-2) + ^(2-3) + C(S-4)=0, or A+B-^-G^O, 

it.V3 + .B+(7.2N/3=0, 

whence A : B : C :: 2 n/S- 1 : - n/sT : 1 - /s/3, 

and the plane becomes 

(2N/3-l)(a;-2)-V3(y-3)4.(l-V3)(«-4) = a 

10. Let I, m, n; r, m', ri be the directionnxMsines of the 
given lines ; A, /i, v those of the required one ; 

.'. \L-\- yjm\vn^^y A^ + /*w' + »to' = cos a. 

The latter equation gives 

(A/ + fiwi + vrCf = cos* a (A* + /** + 1^, 

A.a. 15 
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which combined with the former will give two values of the 

1 
ratios X : /a : v, as in Art 57. For the latter part put cos a = —r— 

and find the value of X,Xj + fi^fi^ + v^v^; remembering that 
W + 7mn'-\-nn' vanishes this will also be found to vanish. 

11. Let (a, jS, y) be the given point, I, m, n; l\ m\ n' the 
direction-cosines of the perpendiculM*s on the two planes. The 
required plane is 

(mn'-m'n) (x - a) + (nr - nl) (y - ^) + {Im' - Tm) (a;-a) = 0. 
(See Art. 30.) 

12. The proof of Art 19 holds when the axes are not 
rectangular if Z, m, n mean the cosines of the angles between 
OB and the axes. 

13. Draw the oblique co-ordinates of the point 2), and pro- 
ject OD on the axes in succession, 

l + m cos v + n cos ft m + n cos X + ^ cos v 

14. = 

n + l cos fjL + m cos X 
" C ' 

15. The condition is 

which reduces to 
(a'-a){.-!^'}.(^-^)f-^.(/-,){.->±V'} = 0. 

16. (1) A series of planes parallel to .that of yz ; foT/{x) = 
gives a series of equations x = a^y x = a^^ &c. .(2) A series of 
spheres with the origin as centre. (3) A series, of right circular 
cones with Oz as axis. (4) A series of planes passing through 
the line Oz. 

17. (1) The axis of z, (2) A straight line OP through 
inclined at an angle a to Oz, and such that the plane zOP makes 
an angle P with zOx, (3) A circle whose radius is a in the 
plane of zx and with its centre at the origin. 

D IT 

18. -4 cosd) sin S + 5 6ind)sin S + (7 cos S= — . 19. -^. 

r 2 
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20. Let l^y Wj, n^; l^, m^, n^; l^^ m^, n^; be the direc- 
tion-cosines of the normals to the three planes. Then the equa- 
tion of any plane through the line of intersection of the first 
and second is 

where X is a constant, and if this is perpendicular to the third, 

or cos B + \ cos A=»0, 

Also if the plane passes through the origin p^ + \p^ = ; 

. *. p^ cos A =p^ cos jB, 

and the plane becomes 

(IjX + Wj^ + n^z) cos A - (l^ + mj/ + n^) coaB = 0. 

If in addition p^ coa B=p^ cos C, the other two planes will 
have eq\;ations of a similar form and all three planes will inter- 
sect in one straight line through the origin. 

21. Let lx + my-^nz=p be the equation of one of the 
planes ; 

.-. from the data ^ + ^ +^ = 0, or -7+ - + - = (1), 

and Z(a'-a) + ?w(6'-6)+7i(c'-c) = (2); 

. •. substituting for n out of the second in the first 

1 2. c^-c _Q. 

.\ H' {a' -a) + Flm + m' {b' -b) = 0, 

which gives two values of — , and corresponding to each of these 

J J 

from (2) we can get one value of — , If -— , — - be these two 

1 9 

values, — i^- = -7 — . Similarly — ^-^ = . 

m^m^ a- a m^m^ c -^c 

Hence if the lines be at right angles 

V^h y^l 111^ 

15—2 
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22. ^. This and Example 23 are to be solved as the last 
example. 

23. P(^ + (7«) + G(C" + ii«)+^(^' + ^ = 0. 

24. The co-ordinates of the middle points of the lines joining 
1, 2 and 3, 4 are. Art. (7), 

and i(^~")> J(c +c?-a-^6), J (^-6), 

whence the result follows. 

25. The co-ordinates of any point on one of thd lines may be 
represented by a + ^, 5 + mt^ c-^nt; and those of any point on 
the other by a' + l^t\ b' + m't\ c' + nt\ The square of the dis- 
tance between these points is 

The conditions that this may be a minimum by the variation 
of t and t' are 

and 

(a-a' + lt- rtf) l'+{b-V + mt- mi) m! -^{c-c' -^nt- n'tf) n' = 0, 

which shew that the line joining the two points is perpendicular 
to both the given lines. 

26. By the solution of the last question, 

Z(a-a') + m(j8-)8')+w(y-y') + «-«'cosfl=0, 
r{a - a) + m\fi-l3')4-n\y^y') -\-tcOB0-t'=O, 
whence tf sin* 0=u''{-u cos $. 

27. Taking aj^, y^ %^, <fec. as the co-ordinates of the angles of 
the tetrahedron it is easily shewn that the co-ordinates of the 
middle point of the line joining the middle points of two 
opposite edges are 

• i («! + a?a + iCg + a; J, &c. 

28. By the help of a figure and the last question it is easily 
seen that the two Imes a, y are the diagonals of a parallelogram 
whose sides are ^a and \a* and (u is the angle between the dia- 
gonals, whence by Trigonometry the result follows. 



ANSWERS TO THE EXAMPLES. 229 

29. -T= if c is the edge of the cube. 

30. J n/6 V + c V + a%\ 

31. The equations of the planes are 

Ix ^ my ■¥ vz — 'p^ mx + ny + h=pj nx + ly + mz—p; 

P 



.'. x — y = z = 



l+m + n ' 



32. Any point on the given line can have its co-ordinates 
expressed by a-^Uy b — mt, c — nt; the value of t is obtained 
from the condition of perpendicularity. 

33. Take the shortest distance between the lines as axis 
of z, its middle point as origin, and the plane of zx to bisect 
the angle between the lines. 



CHAPTER III. 

1. r* + r (il sin tf cos ^ + -5 sin tf sin ^ + C cos tf) + 2> = 0. 
This equation gives two values of r the product of which is D. 

2. The polar equation of any plane is 

A sin. 6 cos <^ + ^ sin (9 sin <^ + (7 cos tf = — . 

T 

Hence if this be the equation of the locus of P, since OP = y.^, 

the equation of the locus of Q is 

Dr 

A sm C09 KJi 4- B Bm sm Kji + C cos 6 == -=j- , 

which is the polar equation of a sphere. 

3. If the locus of F be 

r* + r (il sin tf cos ^ + jB sin tf sin ^ + (7 cos 6) + Z) = 0, 
that of Q is 

k^ + Ii^r{A BinO cos^ + 5 sin tf sin ^ + C7 cos 6) + 2>r" = 0, 
which is another sphere. 
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4. The plane in question is 

also where it meets the sphere a" + y* + «" = c", * 

whence a* + y' + «• - 2 {xx' 4- yy' + zs/) 4- x" + y" + «'*= 0, 

or («-aT+(y-y')' + (»-«')'=Oi 

.*. x=x\ y — y\ z-%\ 

5. Take A as origin and AB (= a) as axis of x^ the equation 
of the locus is 

«■ + / + »' = m" { (oj - a)* +/ + «*}, 
which reduces to the equation of a sphere. 

6. With the same axes as in the last question the two lines 
whose direction-cosines are proportional to x^y^ z and x — a^ y, z 
must be at right angles. Hence a; (a; — a) + 2? + «* = 0, a sphere, 
on AB as diameter. 

7. Take for the equations of the fixed straight lines those 
given in Ex. 33, Chap. ii. The equations of the two planes can 
then be wiitten y - mx + \ (« - c) = and y + rrvx + ft (2 + c) = 
where X and \l are constants. The condition of perpendicularity 
gives 1 — m* + \ft = and by substituting for \ and ^ out of the 
first two in the third we get (1 — m*) («* — c") + y* — mV = as 
the locus. 

8. If S=0, S^ = be the equations of two spheres in their 
simplest form, the equation aS^' — aS' = is easily seen to be a plane 
perpendicular to the line joining their centres, which must cut 
each sphere in a circle. 

9. The equations of the spheres can be written 

where k, k\ k'^ are constants and r changes. The first and second 

or Of 

intersect on the sphere t -* 17 = ^> whence the rest will follow. 

10 and 11. These follow easily from (8). 

12. The six centres of the spheres must lie at the angular 
points of a regular octahedron the edge of which is the radius. 
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13. Take the three planes as ccM)rdiiiate planes, and let 
I, m, n he the direction-cosines of the straight line, x, y, z the 
co-ordinates of the point. Then by projecting on the axes in 
succession x = la, y^mh^ z = nc; 





«* y* «• , 


14. 


We have 




af + a f/ z . 




cos a sin a 




aj"_a_-3/'_ ;s" _^ 




~~ cos a sin a 



and i-^^^^-^^L^^ar, 

cos a sin a 

if a:', y\ J are the co-ordinates of P and a", y", »" those of F^. 
Also if (a, y, 2) be any point in PP' 



aj'-a;'' y'_y" «'-«"' 

between these equations and OF , CfF' ^<? we have to eliminate 
^, y', »', a^", y\ z% OF, 0'F\ 

15. Take the line round which the line revolves as axis of % 
and the point where the shortest distance between the lines meets 
it as origin, and let c be the length of this shortest distance and 
$ the angle it makes with Ox, Let also a be the angle between 
the fixed and revolving lines. The equations of the revolving 
line are 

x-c cos 6 y -cm.nO z , „ .-o 

, =- = , where ^ + m =sin*a, 

t m cos a 

X "U z 

and since this is perpendicular to the line ;; = — .—p, = tt , we 

^ ^ c cos c sin ^ 

have I cos ^ + m sin » 0, whence eliminating /, m and we get 

^ cos a 

16. nV+(n'-l)(y« + ««) = c". 

17. Let y" + «* = ic* tan' a be the right cone. Then the equa- 
tion required is 

a;«(y» -».«•) = A;* tanV 
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CHAPTER IV. 
1. 2n/3, 0, -n/2. 2. oi^^^l^^. 

3. Take a; = y = 2 and any two straight lines perpendicular 
to it as axes : the axes in the last question will do. 

4. From the last two of the second set of relations the ratioB 
ofli, l^y l^ can be deduced, and their absolute values from the 
first, with the help of the other three. 

5. 1, 1, 5, use Art. 51. 

6. The proof is exactly similar to Art. 50 with the excep- 
tion that 

as" -4- y" + «■ + 2yz cos X + 2zx cos /n + 2xy cos v 

is transformed into x'^ + y" + «'*. 

7. Transform so as to take the line x-y = z as axis of x 
and any two lines perpendicular to it and each other as axes 
of y and z\ as in Examples 1 and 2. 

CHAPTER .V. 

1. The direction-cosines of the generating lines through any 
point (a, Py y) are given by 

a* or c* a a' cr 

The condition that these shall be at right angles is obtained as 
in Example^ 21 — 23, Chapter ii., and gives by the help of the 

relation , ^ = 1> ^ value of -/. 

cl c 

2 and 3. The direction-cosines of the generating lines are 

given by 

la mB ny ^ - Z* w' n' . 
-5+^--J =0, and -« + tt - :j == 0. 
ah <r or o <r 

From these we easily get, eliminating m, 

y /g' fl-N 2?»ay n' // p\ 



J 
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Whence 

1,1, c'V V) c'V / g'-tt' 

2ay 

a" V «^V 
Whence by symmetry we get 

tt*-a^"j^^::p"7T? p^;^ " 2ya 2^ ' 

and if be the angle between the two straight lines, each of these 
ratios 

__ cosfl 

""{a»-a») + (i8'-6") + (y« + c») 

sinfl 



.'. cottf = 



^4 {^y - (^» - h') (y* + c'')} + . . . similar terms ' 



The solution of (2) easily follows by putting 6 = a, and fl = o. 

4. If ly m, 71 ; Z', m', w' be the direction-cosines of the two 

radii vectores, these with , ^ , 0, . \ : form a set of 

nine quantities satisfying the conditions of Art 44. Also if r, r' 
be the two radii 

r" = a V + 6 W + c V, /» = a"r + h'mf' + c'n"^ ; 
o*(y-o')+6*(a*-c')+e*(a'-6') 



234 ANSWERS TO THE EXAMPLES. 

5. Planes parallel to ^ + my + raa? = and Xx •\- m'y + n*% = 0. 

6. a?y + y« + ac = — — - — ^/ "'^ -y -^g ^ whence the result 
follows. 

7. By Art. 59, the projections of OP, OP" on the plane of ocy 
are tangents to the principal ellipse at the ends of conjugate 
diameters. The sum of the squares of these projections is there- 
fore a* + 6'. Also the height of above the plane of xy can be 
easily shewn to be c, whence the result follows. 

8 and 9. If X, ft, v be the direction-cosines and r the length 
of any radius vector in the plane Ix + my + nz = 0; 

I _fiv v\ XfJi ... 

while XZ + /xm + m = ... (2). If the section be a rectangular 

hyperbola two directions at right angles make - vanish. By the 

methods of Ex. 21—23, Chap. ii. the condition for this is found. 

The condition for a circular section is that -j shall be invariable 

for all values of \, ft, v consistent with (2) ; whence >d + fxm + vn 
must be a factor of 

where k is the constant value of —^ . For the rest see Art. 49, 

IT 

10. By Art. 63 the generating lines at any point (oj, y, z) 
must be parallel to the asymptotes of a section by a plane through 
the centre parallel to that which cuts the surface in these two 
lines. The equation of such a plane is by Art. 58 

a c 

if (a, )3, y) be the point : the semi-axes of the section by this 
plane are given {Art. 68 (10)} by the equation 

a(«-rO 6(6- r^c(c-r)' " 
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Also if r,*, r* be the two values of r" in this equation and 20 
the angle between the asymptotes of the curve 

tan«tf = -^]; 

which is the required result. 

1 1. The square of the distance of the focus of any section from 
the centre is the difference of the squares of the semi-axes of that 
section. Hence if p, X, /u, v be the radius vector and direction- , 
cosines of any point in the locus, p' = r^ -* r,*, where r^, r, are the 
two values of r in equation (10) of Art. 68, and X, /x, v are de- 
termined by equation (12) of that article; between these equations 
and (5) we have to eliminate /, m, n, and for Xp, ft/?, vp to substi- 
tute Xy y, z. 

12. ic' + ^ + «'-(fe + my + naf. See Art. (28). 

13. ii + 5 + C = 0. See Arts. 34 and 44. 

14. If lx-^-my + nz=iO ... (1) be the equation of the plane 
base, the co-ordinates of the vertex are given by 7 = — = — = 6. 

Txxt x-U) y-mh z—nb ,„. , ., .. - 

Let then — r — = ^ = =r ... (2) be the equations of 

A /A V 

the generating line; substitute for a, y, z from these equations 
in (1) and the equation of the ellipsoid, and eliminate r. Thus we 
get a relation between X, fi, v and then from (2) the equation of 
the cone as in Art. 34. 

15. ic' + y* + «*- 2yz - 2^ - 2xy = 0. 

16. »• + y* + «' = (&; + my + nzy sec' a. See Art. 28. 

17. Determine I, m, n and a in the last question so as to 
make the cone contain the given lines. 

18. Is solved in question (2). 

19. Assume \x + fiy + vz = 0. .'.(1) the plane; .•. X^ + fim + vw = 0. 
Eliminate z between (1) and the given cone. We get a cubic 

equation in - one value of which must be -j ; the product of the 

OS L 

other values is easily obtained. See Ex. 23, Chapter 11. 
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20. These values satisfy the equation of the hyperboloid 
whatever <f> and 6 may be. Substitute in the equations of Art. 57, 
and we shall get finally 

X - a cos if> sec B _^ y -h sin <l> sec _^z ^ c tan 
a sin (^ ± ^) "" b cos (<^ ± tf) ^c 

21. Use the equations in the last question. 

22. Any planes through the two generating lines in question 
may have their equations written 

a \o cj a \o cj 

The condition that the line of intersection of these should be a 
generating line is easily found to be M' = — 1. 

It can be shewn that the intersections of these planes with 
either of the planes 

are always at right angles to each other. These are the planes 
which give circular sections. 

23. Take the general homogeneous equation of the second 
degree in a^ 13, y, 8. Find the conditions that this may be satis- 
fied by either of the pairs a=0, 8 = 0, and ^==0, y = 0. 



CHAPTER VI. 

1. If X, ft, V be the direction-cosines of any generator of the 
given cone a*X* + 6"fi* + c*!/' = cP, whence by Art. 79 the result 
follows. 

2. Use equations (6) of Art. 77, and in the given case by 
Art. 78, 

and the locus becomes 

or Ir c* 
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3. Use fonuulse of Art. 74 to shew that the plane passes 
through the three given points. 

4. ^ — j^y where p is the perpendicular from the origin 
on the plane LMN. 

- , ircihc 

5. volume = -5—^ . 

6. A cylinder whose axis is parallel to Oz and whose trace 
on the plane of ocy is given by 

«* / . • .^ r« TnU C(a'sin'g + 6'co s'g)) 

— = J of sm*(y + 6* cos' 6^ < 1 ^ jjr, ' \ . 

7. Let a, /8 be the co-ordinates of the point where the straight 
line cuts the plane of xy^ and let a line be drawn inclined at an 

angle tf to Oa: to cut the ellipse -, + |g = 1 in two points. If r^, r, 

be the distances of these two points from a, )3, the square of the 
eccentricity of the vertical section through a straight line a; = o, 

y = j8 supposed to be its directrix must = , but it also equals 

- {^(a'sin'tf + ft'cos'fl) , a-x cq v • j 

1 ^ ==^ by Art. 63, whence since r, and r, are 

orb * * 

expressed in terms of B we can get a quadratic equation in tan*tf 

the roots of which must be reaL 

8. Use Art. 77, jp being a constant : 

9. If a', h\ c' be the conjugate semi-diameters, and a/, y', z' 
the co-ordinates of the point in which the three planes meet 

2"" a'^' 
by similar triangles and Art. 79. 

10. We have to find the directions of the axes of the section 
of Aa? + B'tf + Cz^ = 1 by the plane Alx + Bmy + Cnz = 0, where 
PP + Qm^ + En' = 0. See Art 68, Equations 6 and 12 and elimi- 
nate I, m, n. 
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p m n ^ m n 



11. (1) a=;=^+^y^+5^„ /S=:-^y^, 7 = - 



(2) 2^i3(6-i8) + 2Cy(c-y) = a^a if a, 6, c be co- 
ordinates of the fixed point. 

12. If a?, y, z be the co-ordinates of any point on tbe perpen- 
dicular, 

(IX by cz 



x, + x^-\-x^ 


h. 


+ y, + y. 


^ 


a assj, + j/y, + SS8, 


1 


a 
by Art. 74, 

X 




6 


1 


«, + «. + «. 


y, 

Itf 


+y,+% 
b' 

bllows. 


«. 


+ «, + «. 1 




a' 
whence the resu 





13. If the curve be a parabola the line joining its centre 
to the origin must be parallel to the plane, whence the result 
follows. 



CHAPTER VII. 

1. (1) The discriminating cubic is /- 10s* + 13* + 55 = 0. 
This has two positive roots and one negative root by Descartes' 
rule of signs, all the roots being real. Hence the equation repre- 
sents a hyperboloid of one sheet. 

(2) A hyperbolic cylinder. 

. 2. (1) Hyperboloid of revolution whose, centre is at the 
point (2, 1, 0) ; of one or two sheets according as a > or < 2. 

(2) Co-ordinates of centre y^ , f , y ; hyperboloid of two 
sheets. 

(3) A parabolic cylinder. 

(4) A hyperboloid of one or two sheets as a* > or < 3. 

3. The two equations merely differ by h^ (a? + y^ + z^) which 
remains unaltered by any transformation round the origin. 

The second is a right circular cylinder, the first a spheroid. 
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4. An ellipsoid if 1 - u < ^^2, a hyperboloid of one sheet 

ifl-,4>^2. 

5. An ellipsoid whose centre is at the point -p , — , — ; 

4 4 4 

the equation when « = can be put into the form 

(M-^)"-a-o"^(f-o"-«- 

6. See Example 6, Chapter iv. Wrong reference in question. 

7. Take the general equation of the second degree and find 
the conditions that it may be satisfied when x = and z = Of and 
also when y = and z = 0. 

10. See Art. 160 for the condition that the equation repre- 
sents a surface of revolution, and Art. 90. These conditions give 
if c = a + by 6' = 0, c" = ab, and the equation can be written 

» +• - j + 2a''x + 26"y ^d = 0, 

which can be again written 

z + —j +2(a"-A^a)a; 

c 
And if A; be so chosen that x J a +y Jb-^k=0, and the line 

2x {a" --kja)+ 2y (6" - A; ^6) = 0, 

are at right angles, the former united with « + ?:'= must give 

c 

the axis. 

11. s? + cxy = 1^» 

12. Take for the fixed straight lines a;= 0, y =0 ; x^a^z-O, 
y = b, z = c; and take the equations (3) of Art. 17 as the gene- 
rating line : the equation becomes 

at/z + bxz = cy (05 — a). 

13. The condition required is that 

AX.' + Bfi' + W + 2A'iiv 4- 2Fv\ + 2CV 

shall retain an invariable value for all values of X, ft, v consistent 
with IK + m/i. + nv = 0. See Art. 173. 

14. Eliminate 8 between the equations (1) of Art 83. 
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15. If X, y[y »' be the coordinates of the vertex, the equation 
of the cone is 

a* * P ^*~*^- 

And hj Art. 50 equation (7) it follows tbat 



CHAPTER VIII. 

1. a? +y* + »' = a' + 6* + c*. Use equation 5 of Art. 101. 

2. A similar and similarly situated ellipsoid whose axes are 
double those of the first, 

3. Use Art. 101. 

4. {x {x-a) +y (y-.iff) + «(«- y)}»= aV + 6y + c«««. 

5. aV + 6y + cV=**. 

6. The conditions that the normal to the ellipsoid at (a?, y, z) 
shall pass through (a, j8, y) are 

X y « ' 

and these combined with 

«" y" «" , 

a' h' c' ' 

give an equation of the sixth degree in k. All six lines lie on 
the cone 

x-a y-'P »— y 

7. Obtain the condition that the normal at the point (a;, y, z) 

X 1J z 

may intersect a given diameter - = ^ == - , By properly choosing 
Xy fi, u this condition can be made identical with 

I m n ^ 
-+- + - = 0. 
X y z 
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8. The tangent plane to any sucb ellipsoid can Iiare its 
equation written as 

whence bj Art. 77 (6) the result can be obtained. 

9. There will be one straight line in the tangent plane at the 
extremity of the radius, perpendicular to the radius. 

10. I£lx+ my -hnz^phe the equation of the cutting plane,, 
the first volume is giren by multiplying the area of the section 
given in Art. 80 by ^p. The co-oidinates of the pole of the sec- 
tion can be obtained from Art 106, and the perpendicular on the 

plane £rom this point is found to be ^ ; whence 

the ratio of the volumes is = — • and if this be 

P 
constant it easily follows that either volume is constant. 

11. The shadow is the section by the plane, of the envelop- 
ing cone whose vertex is the luminous point 

12. Use Arts. 149, 150. 

13. Take the centre of the ball as origin, a plane parallel 
to the inclined plane as plane of oBy, and a — Uf fi — mt^ y- nt as 
the co-ordinates of the luminous point at any time. 

14. yzod-^moy' -^xyJ^M I -^ . 

15. a;'«~i + y'y"* + z'z"^ = a'. 

16. (5i3' + (7/-.o)(i?y' + C72;"-a?)-{5iSy+(772-J(aj+o)}«=0, 

19. The equations of the normal at (a;, y, %) are 

Use the condition of Art 31. 

20. 4» + r + 1 a 0, Use equation (3) of Art. 102. 
A.G. 16 
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21. a (£c"-y») + j8(y*-«B) + y(2f*-a^) = c': a hypeiboloid 
of one or two sheets according as a + jS + y is positive or negative. 

22. ayz + fizx + yxy = 3a" : a hyperbolo^d of one or two sheets 
according as a^y is negative or positive. 

23. 4a:(a!»+y" + 25*) + ^ + ~ = 0. 

24. The equation of any tangent plane to the cone can be put 
into the form ilaaj' + jByy' + (?»»' = 0, where uia?" + ^y" + Ca" = 0, 
and if 

I m ft 
we get the required result. 

O v 

25. Use (10) of Art 68 putting -j , ^ , ^ for ^, m, n and 
reducing. Or else use (1) and (3) of Art. 75. 



CHAPTER IX. 

1. (1) aj'y-3/'aj + -(«'-«) = 0. 

c 

(2) If we assume z = r sin <(>, the equation of the osculating 
plane can be written 

2aj' co8'<^ - ^ sin <^ (1 + 2 cos*^) - 22^ + r sin <^ (2 + cos*<^) = 0. 

2. Length of arc = Ja' + c* . (tf ^ - 0^. From the equations 
of the curve obtain a5* + y* as a function of « : let a* + y* ==/*(«)• 
This is the equation required. Ex. a;" + y* = a*. 

3. We easily get, if a be the radius of the generating cylinder, 
5» = 4a' sin* ^J^« + «• cot' a (tf - ^,)' = 4a* sin" ^1^ + ^» cos% 

9—0 
if ^ be the length. Hence, when ^ is a maximum, sin ' * = ; 

and the maximum length = . But this maximum length 

^^ cosa ^ 



= acoseca(^i-^g) and 0^-0^ = 2mr', 



2nira b h tan a 



• • • 



.•. a = 



sin a cos a ' ' ' 27nr 



ANSWERS TO THE EXJkHPLES. 243 

4. The equations of tlie carve are 

x=acoH6^ y = asin0y a5=—(c« + c <'). 

5. a5+y + «=l. 

6. r==a, ^ = tanj81ogtaii^-f C; r, fl, ^ being polar co- 



ordinates. 



-ly 



7. (1) y*-«* = c. (2) y + atan-^^=«. 



ic 



8. Analytically. Differentiate the equations of the sphere 

and ellipsoid, and find the ratios -3-' -^ : -r > ^^^ equation 

08 as as 

of the plane can then be found, and then the equation (12) 

of Art. ^^ can be used. 

9. (1) cos"* (cos ^ sin 0) -(- cos"* (on 4^ sin 0) = const, 
which can be transformed into 

(2) cos ^sin ^1 - sin*^ sin'^ + sin^ sin tf ^1 - cos"^ sin*^ = const. 

or (3) aJiv/a'-y'+y •/«*-«* = const 

10. 0=a^ 

11. By Art. 101, j~> ^> ;r ^^ ^® proportional to 



whence 



ii-')" ifv-^y i^-'h 



12. « = ^c«ffln«oot^^ where « is the distance of the point from 
the vertex, a ih.e semivertical angle of the cone, fi the fixed angle, 
and the angle made by the plane through the point on the cui*ve 
and the axis of the cone, with some fixed plane. The length of curve 

between any two values of 6= ; — _ M,nii«cot^-.^igm«cot^i 

*^ sinasinp^ ' 

At the vertex tf = — 00 . 

13. From the method of producing the curve we easily see 
that if « be the arc measured from the point nearest to the vertex, 

16—2 
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r'sc' -t-A*. Also if the axis of the cone be theaxis otx^x^rtMa: 
whence ^ = ~^ — , -^a^ *^® principal normal to the curve 
is the normal to the cone at that point (J^rt 182). Whence 
p -7-5- = afc Bin a, and .•. r^=ap. 



14. (1) ^^1^, (2) 



a ^ ' a 



X 



15, «= ooatf, ys= sinft «=:ctf, 

16. Take the common tangent to the two carves as axis of x 
and the plane of the circle»as plane of any. Then if a?,, y^^ z^ be the 
co-ordinates of a point on the circle at the end of the arc jS^, 
and p the radius of the circle 

and if x^j y^^ k^ be the cp-ordinates of the point 01^ the curve 
•we get 

and similar values for y^^ z^ But it can easily be shewn by 
Arts. 119, 130 that 

dx dy_^ &_^ <^«_A ^y^l ^*-n. 
SIT-^' 5;^"' S~"' 5?""' 5? p' S*""' 

whence the square of the distance required becomes 

And by differentiating the formula (10) of Art. 129, and (2) 
of Art. 118 the requir^ result may be obtained* 

17. Prove geometrically from the figure in Art. 127. 

18, By £x. 12 the equations of the curve may be written 

x=^A tan a^ cos d, y-A tan ae** sin tf, 2? - A^, 

where c » sin a cot )3 ; whence p can be obtained by (9) in Art. 129. 
When developed tiie curve is an equiangular spiral. 
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CHAPTER X 
1. »* + y' + «'-(& + my + n»)" = l, 

^ p y 

5* s^z^c^^ e being tihe radios, and (he plane of xy the fixed 
plane, 

^r:;p + p^+jy--^ = 0, where r»=«' + y" + »«. The 

Wave Surface, See Chapter on Eresnel's Theory of Double 
Hefiraction. 

8. Thesurfiu5e «" + y* + 2a* = Y; and the curve «* + y* = >5:*, 



7. 



^' ?V"^?)"i' 



10. a^« = 27 f ^^^^ V^ i» tl"^® given volume. 

11. aj« + y» + »' = *'. 12. i?+^+^ = i. 

or (r €r kr 

\ 13. »* + y*+««=.(c*c7. 

1^. (J+ ^+ J-l)(a"?+6W+c'»'-l)=(&+my+n»-l)'. 

Id. Bj Art 106 all the lines in question lie in the polar 
plane of (a, P, y). If a', fi^, y' be the co-ordinates of one point 
in which any chord meets the ellipsoid, the line required will be 
given by the two equations 

or o' <r a b tr 
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The condition that this line maj be perpendicular to the line 
joining (a, j8, y) to (a', pfy */) can be reduced to the form 

(y^e^g (cVa»)ff {<^-^V)y 

Also the equation of a plane through the origin and the line 
required is 

the envelope of which treating a - o', j8 - /3', y - y' as parameters 
gives us the cone required. That the curve is a parabola can be 
shewn because a plane through the origin parallel to the polar 
plane of (a, p, y) can easily be shewn to touch the cone. 



CHAPTER XL 

1. If 85 =/,(«), y=/^{t)y Z's/^(t) be the equations of the 
curve, we have to find the envelope of 

where t is the parameter. The envelope is obtained from the 
intersection of tiie sphere with the normal plane to the curve 
at the point #. 

2. The equation can be put in the form 






(X + y + «) {(a^ + y* + 2*) - (^3- )} = C. 



and if the line x=^y=-z be taken as axis of af this becomes^ 
by Arts. 25 and 28, — ^ «' (itf"* + y") = c*, which is a surface 

2c* 
formed by the revolution of the curve «'«'* = -5—7^ round the axis 

of z\ Or, apply Art. 148. 

3. aV + 0^7? = cV ; aj=a, ^ + 2;*=c* being the equations of 
the circle. 

4. See Ex. 11, Chap. vii. for choice of axes. 
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^ . z z 

0. X sm - = V cos - . 
^ c 



6. a; cos tf + V sin d = a, where ^ = — ^ — . 

' c a 

7. (1) (aj'+y') {k-na) + 2a (z-a) (Ix + my) + (k^-na) («-a)*, 
. the vertex being at the point (0, 0, a) and the plane of the small 

circle being Ix + my + nz=^k, 

(2) Put « = in the above. 

8. >/«' + 3/* + is/c* - «* = a, or 

(aj' + y» + «» + a»-cy=4a'(a;' + y') *.(1). 

<9. The points at which the tangent plane passes through 

the origin are given by jg = ± - ^a' — c*, that is, they lie in two 

-.fit 

horizontal rings. Take one of these points in the plane of zx. 

The tangent plane at this point has for its equation 



a>=.,tflzl (2). 

c 

Also the equation (1) can be put into the form 
{a:* + y» + «• - (a«- c')}'= 4cy + 4cV- 4 (a* -c»)«» 

^4^i/^ -^ 4:{cx~z Ja' "€*) {cx + z Ja" - c% 
whence at the points of intersection of (2) with (1) 

Hence (2) cuts (1) in two circles. From the symmetry of the 
surface the same will be true for all the points. 

10. The fixed plane being the plane of yz, and l, m, n the 
direction-cosines of AB, the equation of the surface is 

(mz - n^y + (nx - IzY + (ly - mxy = k* (y* + »*). 

11. The conditions are given in Art. 92. See Art. 151. 

gV by (^s^ 

1 7« r ayz + bzx + cxy 

where kt = abc . ^r-^ r— • 

bcyz + cazx + abxy 
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14. Take y—px and y^kz + q as eqnatioiiB of the gener- 
ating line. 

15. (1) A snrCaoe of rerolntion round Oz, (2) A snrface 
such that all sections by planes through Oz are circles. (3) A 
cone whose vertex is 0. 

16. (1) A surface produced hj the revolution of the lem-» 
niscate in the plane of zx round Oz. (2) A surface produced 
by the motion of a circle whose centre is and radius is any 
radius of the same lemniscate placed in the plane of xy, 

18. The equations of any helix can be written 

a; = aco8^, y = ami$f z^cO-^y^ 
and by virtue of the given conditions y and e must be expressible 

as functions of a. Hence since a^^a? + y^ and = tan~^ - , and 

^ X 

also « — -, we get 

tan-* ?^ = » jp'(«' + y") +/(«:■ + y"). 

X 

The second part easily follows by differentiation. 

19. The reflected light forms a cone of the second order, and 
the wall on which it falls is parallel to one of its generating 
linea 

20. If aJ., ^j, «j; ojj, y,> «, be the co-ordinates of the 
points A^ B; being the origin, the condition that AB subtends a 
right angle at is XjXg'hy^y^-^ZjZ^ = 0, Also the equations of 
AB are 

x-x^ « y-yi ^ ^-^ 1 
»!-«, yi-y, «i-«a' 

and from the equations of the straight lines x^, y^ can be expressed 
in terms of z^ and a; , y, in terms of «,. Then eliminating z^^ z^ 
between these equations we get a relation between x^ y, Ti. 
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21. Equation (4) of Art. 148 is evidently tlie required con- 
dition. 

22. If -=/(z) be the equation of the surfiM^e, the locus 
required is 

(«'-y7)(y'+«7)=^^^^. 

where /, /' are the values of /(z) and/'(») for the given 
value of z, 

23. The equations of any such circle are a:* + ^ + 2^ = 2ax 
and y = mxj also a must be expressible as a function oim, = 2cf(m) 
say. The differential equation can be easily deduced. 



CHAPTER Xn. 

1. 6a' -.12/ = !, P=0; 4a'+12)8*-l, 7=0; impossible 
locus. 

2a^ St/* 42* 

2. If «r-^ + o?^ +77— T=9 ^ ^^^^ of the suifeces, 

2X;+1 3k+l 4k-^l ' 

the two values of k are the roots of the quadratic 

3. Let a be the distance of the point along the axis of x, and 

fl^ 1/* a* 

— z + f^ + -i = 1 one of the sur&ces : the locus required is 

or tr tr ^ 

X f^ 2^ - 

a ax — (c^^b') ««— (a*— c') 

4. At the poiats of intersection we easily get ax=fy4-(i^. 
Also the direction-cosines of the normal to the first surface at any 
such point are easily proved to be proportional to 

1-A flg* 2 2g 

while those of the normal to the second are proportional to 

2 1 p /fe» 2g 

and these lines are therefcMie perpendicular to each other since their 
direction-cosines satisfy the requisite condition. 
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5. K th« two anadrics be iy+.08"=» and B^^Q^^x-^h^ 
the coincideiioe of the foci iuYolves 

1-— 1-A -L = J:.-A 
45" 4^' ^ 4C 4C7' ^ 

whence also the focal conies will coincide^ since 



BO BO 



9 • 



6. At the points where the two qoadrics in (5) cut^ we have 

or .4^^3^ + 4(7C7V + l=0, 

which is the condition that the tangent planes to the two quad- 
xics at i^y y, z) should be at right angles. 



CHAPTER XnL 

hVx' c'aY o?V^ ^ 

1. j + ^+ -j = 

where p is the perpendicular from the centre on the tangent 
plane. This can be reduced to 

^'/>'-(a* + 6* + c*-r')jpp + — r-=^j where r* = a:" + 3/* + 2;^ 

For the umbilici the two roots will be equal This will require 
one of the quantities a;, ^ or « to vanish. 

2. (1) aj=^ = » = a. 

(2) When aa* = * yft* = * z^, 

4. (1) Eliminate m between equations (6) and (7) of Art. 
171, writing p = A^l +p'+g^. 

(2) The coefficients of the several powers of m in the 
equation (7) of Art. 171 must vanish. 
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5. The two values of A in (9) of Art 169 must be eqnoal and 
of opposite sign ; 

The points of intersection of the sur^ce with the sphere 

6. Take the general equation of a quadric and determine 
the conditions that it may touch the plane of xy at the origin^ 
and that sections by planes parallel to that plane may be circles. 

7. Using the equation in the last question the locus required 
is 

ca; + fcy + ^ (« — a) — « = 0. 

* • • 

8. See Ex. 4, Chap, xil The surface in the question and 
the two surfaces 

can be shewn to cut always at right angles, where jS and y are 
any constants. Hence the intersections of these surfaces with the 
given one are its lines of curvature. 

At the points of intersection of the first with the given 
surface we have (zx^Py-^-b* a plane ; and by combining this with 
the given equation, that can be written 

which is the equation of a sphere. Hence the lines of curvature 
are circles : and the plane of any one of them being ax'=py-hh' 
always contains the line ax=h', y = 0, 

9. The result follows from the fact that r has the same 
value for all tangent lines at the umbilicus. 

10. At the points of contact pr has the same value for the 
geodesic and the line of curvature. 

11. The value of pr is the same for the two geodesies through 
P since they each pass through an umbilicus. Hence the value 
of r is the same. The tangents to these two geodesies are there- 
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* 

fore parallel to the equal radii of the indicatrix, and the tangents 
to the lines of curvature being parallel to the axes bisect the 
angles between these, 

12. Can be proved from 11 by the method of infinitesimaL94 

13. The geodesic circle cuts all geodesies through the um- 
bilicus at right angles. Hence if c^, ^T be the semidiameters 
parallel to the tangent to the geodesic circle and the line through 
the umbilicus, and p, p' be the semi-axes of the central section 
parallel to the tangent plane at the point 

Ex. 25| Chap. yiii. 

a»6V a'bV 



•• p'd^ ^ p'd'' 



=o* + 6* + c«-r». 



But p'(jf=a'<!^ as can be ascertained from the known co-ordinates 
of the umbilici 

14. At any point in the principal section by the plane of yz 
the two roots of the equation in (1) can be shewn to be 

and — • The former root is the radius of curvature of the principal 

section : the latter gives the distance along the normal of the 
point whose locus is required which caii then be worked out by 
plane geometry. 

15. Taking a^ + ^ = a' as the equation of the cylinder we 

di'z dz 

easily get for the geodesies ^ji — ^l therefore ;^=c^ whence the 

curves are heHces. 

16. s^Js^sec^a-c^f where a is the semi-vertical angle of 
the cone, and 8 the length of the arc from the neai'est point to the 
vertex. 

17. If aj' + y*=/(«) be the equation of the surface it easily 
follows from (1) of Art 182 that for all points in any geodesic line 

dy dx 



» 



I 
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And it can easilj be proved that the sine of the angle required 

e 

18. If r»/{x) be the equation of the stu&oe r* being y* + «' 
the required expressions are 

3^ ^^W^^\^)' 

da? 

19. With the usual notation for an ellipse the product 
required ia 

20. The radii of curvature of the principal sections are 

f and ; — r, where r is the focal radius of the point on 

r - p sin ^ ' ^ 

the ellipse which is in contact, ^ the angle between that radius 

and the tangent, and p the radius of curvature of the ellipse 

(Besant on Glissettes, ko,). Hence the sum of the curvature^ 

2 psin^ 2 r {2a — r) _ 1 
r r^ r or* a' 

21. By Meunier's Theorem. 

22. Use the quadratic equation in question (1) of this chapter, 
T being a constant. 

23. Prove geometrically from the fact that when the sur&oe 
is developed the geodesies become straight lines. 

24. Differentiate r'sa^+^+«' twice and use the formulsB (1) 
of Art. 182, (10) of Art. 129, and (1) of Art. 100. 

25. Use Meuniei^s Theorem, and (3) of Art 167. 
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